NON-DEGENERATE MIXED FUNCTIONS 



MUTSUO OKA 

Abstract. Mixed functions are analytic functions in variables zi, . . . , z„ 
and their conjugates zi, . . . ,Zn. We introduce the notion of Newton non- 
degeneracy for mixed functions and develop a basic tool for the study of 
mixed hypersurface singularities. We show the existence of a canonical 
resolution of the singularity, and the existence of the Milnor fibration 
under the strong non-degeneracy condition. 



1. Introduction 

Let /(z) be a holomorphic function of n-variables zi,...,Zn such that 
/(O) = 0. As is weU-known, J. Milnor proved that there exists a positive 
number eg such that the argument mapping //|/| : S'^""^ \ -fCg — > S""*^ is a 
locally trivial fibration for any positive e with e < Eq where = /~^(0) n 
Sl^~^ ([12]). In the same book, he proposed to study the links coming from a 
pair of real- valued real analytic functions g{x,y),h{x,y) where z = x + yi. 
Namely putting /(x,y) := g(x,y) +ih(x,y) : R^" — > C, he proposed to 
study the condition for //|/| : S'^^~^ \-^e ~^ to be a fibration. This is an 
interesting problem. In fact, if one can find such a pair of analytic functions 
g, h, it may give an interesting link variety whose complement Sl'^~^\K^ 
is fibered over S"^ where cannot come from any complex analytic links. 
The difficulty is that for an arbitrary choice of g, h, it is usually not a 
fibration. A breakthrough is given by the work of Ruas, Seade and Verjovsky 
[20) . After this work, many examples of pairs {g, h} which give real Milnor 
fibrations have been investigated. However in most papers, certain restricted 
types of functions are mainly considered ( [5l EJ [22l [191 El [iBl [3] ) . 

The purpose of this paper is to propose a wide class of pairs {g, h} such 
that the corresponding mapping f = g + ih defines a Milnor fibration. We 
consider a complex valued analytic function / expanded in a convergent 
power series of variables z = (zi, . . . , z„) and z = (zi, . . . , z„) 



/(z,z) = ^Ci,,^z''z'' 



where z'^ = z'^^ ■ ■ ■ z!^" for u = (ui, . . . , f„) (respectively = z^^ ■ ■ ■ Zn" 
for 12 = {fii, . . . , ^n)) as usual. Here Zj is the complex conjugate of zj. 
We call /(z,z) a mixed analytic function (or a mixed polynomial, i//(z,z) 
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is a polynomial) of We are interested in the topology of the 

hypersurface V = {z ^ C"" \ /(z, z) = 0}, which we call a mixed hypersurface. 
Here we use the terminology hypersurface in order to point out the similarity 
with complex analytic hyper surf aces. We will see later that codimR V = 2 
if V is non-degenerate (Theorem [T9]l . We denote the set of mixed functions 
of variables z, z by C{z, z}. This approach is equivalent to the original one. 
In fact, writing z = x + iy with Zj = Xj + iyj j = 1, . . . ,n, and using 
real variables x = (xi, . . . , Xn) and y = (yi, . . . , and dividing /(z, z) in 
the real and the imaginary parts so that /(x, y) = g{x, y) + i /i(x, y) where 
g ■.= ^f, /i := 9/, we can see that V is defined by two real-valued analytic 
functions g(x,y), /i(x,y) of 2n-variables xi, yi, . . . , x„, Conversely, for 
a given real analytic variety W = {g{x, y) = /i(x, y) = 0} which is defined 
by two real- valued analytic functions g, h, we can consider W as a mixed 
hypersurface by introducing a mixed function /(z,z) = where 

_ z + z z-z + z z-z 

/(z,z) ■■=9{^,^) + ^^(^'^)- 

The advantage of our view point is that we can use rich techniques of complex 
hypersurface singularities. For complex hypersurfaces defined by holomor- 
phic functions, the notion of the non-degeneracy in the sense of the Newton 
boundary plays an important role for the resolution of singularities and the 
determination of the Milnor fibration ([l0l[23l[lll[15l[T6]). We will introduce 
the notion of non- degeneracy for mixed functions or mixed polynomials and 
prove basic properties in §2 and §3. 

In §4, we will give a canonical resolution of mixed hypersurface singu- 
larities. First we take an admissible toric modification vr : X — > C". This 
does not resolve the singularities but it turns out that we only need a real 
modification or a polar modification after the toric modification to complete 
the resolution (Theorem [2ll) . 

In §5, we consider the Milnor fibration of a given mixed function /(z,z). 
It turns out that the non- degeneracy is not enough for the existence of the 
Milnor fibration of /. We need the strong non- degeneracy of /(z,z) which 
guarantees the existence of the Milnor fibration (Theorem l33 1 Theorem [29l) . 
We show that the Milnor fibrations of the first type and of the second type, 

f/\f\:Se\K,^S' and f : dEir,6r ^ Sj, 

are equivalent (Theorem I36|) . We also show that for a polar weighted ho- 
mogeneous polynomial, the global fibration is equivalent to the above two 
fibrations (Theorem 33). 

In §6, we will see that the mixed singularities are much more complicated 
than the complex singularities and that the topological equivalence class is 
not a combinatorial invariant even in the easiest case of plane curves. 

In §7, we discuss Milnor fibrations for non- isolated mixed singularities 
under the super strong non-degeneracy condition (Theorem [52]). 

In §8, we give an A'Campo type formula for the zeta function of the 
Milnor fibration in the case of mixed curves (Theorem [60ll . 
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This paper is a continuation of the previous one pJ7| and we use the same 
notations. This paper consists of the following sections. We hope this paper 
provides a systematical method to study mixed singularities. 

Contents 

Section 1. Introduction 

Section 2. Newton boundary and non-degeneracy of mixed functions 

Section 3. Isolatedness of the singularities 

Section 4. Resolution of the singularities 

Section 5. Milnor fibration 

Section 6. Curves defined by mixed functions 

Section 7. Milnor fibration for mixed polynomials with non-isolated singularities 
Section 8. Resolution of a polar type and the zeta function 

Below are notations we use frequently in this paper: 

S"^""-^, Sr ^ {■2.= {zi, . . . , z„) e C" I ||z|| = r}, (sphere of the radius r) 

!|z!| = v/|2lP + --- + NnP 

S^", Br = {z = (zi, . . . , z„) e C" I ||z|| < r} (baU of the radius r) 

= {z = (zi, . . . ,z„) I z, = 0, j ^ /}, Bi = {z e I ||z|| < r} 
C*^ = {z ^ (zi, . . . , z„) I = 4=» 
C*" = C*^ B*" = B*^ with I = {!,..., n} 
M+" = {{xi, xn) e M" I X, > 0, J = I, . . . , n} 
(z, w) = ziwi + ■ ■ ■ + ZnWn ■ hcrmitiau inner product 
5R(z, w) = 5R(ziit)i -!-••• + ZnWn) '■ real Euclidean inner product 
D{6) {77 e C I |r/| < S}, D{Sy := {77 G C | < |r/| < 6} 
Si := e C I hi = 6}. 

2. Newton boundary and non-degeneracy of mixed functions 
2.1. Polar weighted homogeneous polynomials. 

2.1.1. Radial degree and polar degree. Let M = z'^z^ be a mixed monomial 
where u = {ui,. . . ,Vn), = (/^i, • • • ,/"n) and let P = . . . ,p„) be a 
weight vector. We define the radial degree of M, rdegpM and the polar 
degree of M, pdegp M with respect to P by 

n n 

rdegpM = "^Pji^j + ^J'j), pdegp M = ^Pj{vj - lij)- 

i=i i=i 

2.1.2. Weighted homogeneous polynomials. Recall that a polynomial /i(z) is 
called a weighted homogeneous polynomial with weights P = . . . if 
pi, . . . ,Pn are integers and there exists a positive integer d so that 

f{tP'zi,...,tP"Zn)=t''f{z), tec. 

The integer d is called the degree of / with respect to the weight vector P. 
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A mixed polynomial /(z,z) = "^^^i Ci z'^^z'^' is called a radially weighted 
homogeneous polynomial if there exist integers gi , . . . , g„ > and dr > 
such that it satisfies the equality: 

fitl^Zi, . . . ,t'l"Zn,t1'Zi, . . . ,t'l"Zn) = f^^ f{z,z), t G R* . 

Putting Q = ,qn), this is equivalent to rdegg z'^'z'^* = dr for i = 

with Cj / 0. Write / = g + ih so that g^ h are polynomials 
with real coefficients of 2n-variables (xi, yi, . . . , x„, If / is a radi- 

ally weighted homogeneous polynomial of type (gi, . . . ,qn;dr), g{x,y) and 
/i(x, y) are weighted homogeneous polynomials of type {qi,qi, ■ ■ ■ , qn,qn'i dr) 
(i.e., degxj = deg yj = qj). 

A polynomial /(z, z) is called a polar weighted homogeneous polynomial if 
there exists a weight vector (pi, . . . ,pn) and a non-zero integer dp such that 

fiXP'Zi, XP-Zn, XP^Zi,..., XP-Zn) = X''-f{z, z), A G C*, |A| = 1 

where gcd(pi, . . . ,pn) = 1. Usually we assume that dp > 0. This is equiva- 
lent to 

pdegpz'^'z''^ = dp, i = l,...,i. 
Here the weight pi can be zero or a negative integer. The weight vector 
(pi, . . . ,pn) is called the polar weights and dp is called the polar degree re- 
spectively. This notion was first introduced by Ruas-Seade-Verjovsky [20] 
and Cisneros- Molina [1]. In [T7], we have assumed that a polar weighted 
homogeneous polynomial is also a radially weighted homogeneous polyno- 
mial. Although it is not necessary to be assumed, we will only consider such 
polynomials in this paper. 

Recall that the radial weights and polar weights define M*-action and 
5"^-action on C" respectively by 

toz = {t'i^Zi,...,t1"Zn), toz = {t''^Zi,...,t'i"Zn), t £ R* 

Aoz = (APizi,...,AP"z„), Aoz = A^, X £ C C 
In other words, this is an R* x action on C". 

Lemma 1. Let /(z,z) be a radially weighted homogeneous polynomial, V = 
{z G C" I /(z, z) = 0} and V* = Vn C**^. Assume that V \ {O} (respectively 
V* ) is smooth and codimsV = 2. // the radial weight vector is strictly posi- 
tive, namely qj > for any j = 1, . . . ,n, the sphere Sr intersects transversely 
with V \ {O} (resp. with V* ) for any r > 0. 

We are mainly considering the case that V\{0} has no mixed singularity 
in the sense of §3.1[ 

Proof. This is essentially the same with Proposition 4 in [17j. In Propo- 
sition 4, we have assumed that /(z,z) is polar weighted homogeneous but 
we did not use this assumption in the proof. The radial action is enough 
as we will see below. Assume that three vectors dg, dh, dcj) are linearly 
dependent at zq = (xo,yo) G V*, where /(z,z) = g(x,y) + ih{x,y) and 
(/)(x, y) = Yl^=ii^'j '^y])- As F \ {O} (resp. V*) is non-singular, we can 
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find real numbers a, /3 so that d(p{xQ,yQ) = a dglx^jy^) + P dh{^o,yQ). Here 
d^, dg, dh are the respective gradient vectors of the functions 0, g, h. For 
example, ^^(x, y) = ^ . . . , ^, ^). Let = (toxo, toyo), t G R+ 
be the orbit of zq by the radial action. Let v be the tangent vector of the 
orbit. Then we have : 

lit) = {f'xouf'yoi,- ■ ■ , fi-xon, f'-yon) 

-mmt=i = 3fi(#(xo,yo),v) = 2Y,q^{xl^ + yi^) > 0. 

1=1 

On the other hand, we also have the equality: 

^ mmt=i = « 5ft(d<7(xo, yo), v) + P 3?(d/i(xo, yo), v) 

This is an obvious contradiction to the above inequality. □ 

2.2. Newton boundary of a mixed function. Suppose that we are given 
a mixed analytic function /(z,z) = Z^j.^Ci.^/iZ'^z'^- We always assume that 
co,o = so that O G /~^(0). We call the variety V = /~^(0) the mixed 
hypersurface. The radial Newton polygon r_|_(/;z,z) (at the origin) of a 
mixed function /(z, z) is defined by the convex hull of 

U {u + n) + R+''. 

Hereafter we call r_|_(/;z, z) simply the Newton polygon of /(z,z). The 
Newton boundary r(/;z, z) is defined by the union of compact faces of 
r+(/). Observe that r(/) is nothing but the ordinary Newton bound- 
ary if / is a complex analytic function. For a given positive integer vec- 
tor P = (pi, . . . ,Pn), we associate a linear function on r(/) defined by 
ip(„) = jyj^i PjVj for V e r(/) and let A(P, /) = A(P) be the face where ip 
takes its minimal value. In other words, P gives radial weights for variables 
zi,...,Znhy rdegp zj = rdegp% = pj and rdegp z'^z'" = Pji^j + Hj)- 

To distinguish the points on the Newton boundary and weight vectors, we 
denote by N the set of integer weight vectors and denote a vector P G A'' by 
a column vectors. We denote by , N~^~^ the subset of positive or strictly 
positive weight vectors respectively. Thus P = . . . ,Pn) G N'^^ (respec- 
tively P G A/"*") if and only if > (resp. Pi > 0) for any z = 1, . . . , n. We 
denote the minimal value of Ip by d(P; /) or simply d{P). Note that 

d(P; /) = min {rdegp z'^z'^ | c,,^ ^ 0}. 

For a positive weight P, we define the face function /p(z,z) by 

/p(z,z)= c^.^.z'^z'^. 
i/+/ieA(P) 
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Example 2. Consider a mixed function / := zfzf + zfz2 + Z2Z2- The 
Newton boundary r(/; z, z) has two faces Ai, A2 which have weight vectors 
P := *(2, 3) and Q := *(1, 1) respectively. The corresponding invariants are 

/p(z,z) = zfzf + zjzl d{P; f) = 10 

/q(z, z) = zfz^ + zlz2, d{Q; f) = 4. 




2 

Ai 



2 5 



Figure 1. r(/) 

It is sometimes important to consider the convex hull of vertices A(P) in 
X R"' which is defined by 

A(P) = convex hull of {(z/, /x) G R"" x R" | c^,^ 7^ 0, + /x G A(P)} 

Let S" : R" X R" ^ R" be the map defined by {u, fj,) ^ u + fi. Then 
A(P) = S{A{P)) by the definition. We call A(P) the mixed face of T{f) 
and A(P) the radial face of r(/) with respect to P respectively, when the 
distinction is necessary. 

2.3. Non-degenerate functions. Suppose that /(z,z) is a given mixed 
function /(z,z). For P G A^^^, the face function /p(z,z) is a radially 
weighted homogeneous polynomial of type (pi, . . . d) with d = d{P; /). 

Definition 3. Let P be a strictly positive weight vector. Wc say that /(z, z) 
is nan- degenerate for P, if the fiber /p^(0) Pi C*" contains no critical point 
of the mapping fp : C*" ^ C. In particular, fp\0) n C*" is a smooth real 
codimension 2 manifold or an empty set. We say that /(z,z) is strongly 
non- degenerate for P if the mapping fp : C*"^ ^ C has no critical points. If 
dim A(P) > 1, we further assume that fp : C*" — > C is surjective onto C. 

A mixed function /(z,z) is called non- degenerate (respectively strongly 
non- degenerate) if / is non-degenerate (resp. strongly non-degenerate) for 
any strictly positive weight vector P. 

Consider the function /(z,z) = 2:1^1 + • • • + ZnZn- Then V = /"^(O) is 
a single point {O}. By the above definition, / is a non-degenerate mixed 
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function. To avoid such an unpleasant situation, we say that a mixed func- 
tion g{z, z) is a true non- degenerate function if it satisfies further the non- 
emptiness condition: 

(NE) : For any P G N++ with dim A{P,g) > 1, the fiber gp^{0) n C**" 
is non-empty. 

Remark 4. Assume that /(z) is a holomorphic function. Then /p(z) is a 
weighted homogeneous polynomial and we have the Euler equality: 

d(P;/)/p(z)=f;p,z,|^(z). 

1=1 * 

Thus fp : C*" C has no critical point over C*. Thus / is non-degenerate 
for P implies / is strongly non-degenerate for P. This is also the case if 
/p(z,z) is a polar weighted homogeneous polynomial. 

Example 5. I. Consider the mixed function / := zfzf -\- zfz2 + -zf^s which 
we have considered in Example [2j Then / is strongly non-degenerate for 
each of the weight vectors P = *(2, 3), Q = 1). 

II. Consider a mixed function 

g{z, z) = ZiZi H h ZrZr - {Zr+lZr+l H h ZnZn)-, 1 < r < n - 1. 

Then V = g^^{Q) is a smooth real codimension one variety and thus it is 
degenerate for P = 1, . . . , 1). 

III. Consider a mixed function 

/(z, i) = zl+ aziZ2 + a G C. 
Then / is non-degenerate if and only if a 7^ ±2. 

IV. Finally we give an example of a mixed function which is non-degenerate 
but not strongly non-degenerate. Consider a mixed function 

/(z, z) = 1/4 zi^ - 1/4 zf + zizi-{l + i) (zi + Z2) {zi + Z2) 

= g{xi,X2,yi,y2) + ih{xi,x2,yi,y2) 

where g{xi,X2,yi,y2) = x\ + y\ - (xi + X2f - {y\ + 7/2)^ 

X2, yi, ^2) = xxyx- (xi + X2f - (yi + 1/2)^ 

/ is a radially homogeneous polynomial of degree 2 but it is not polar 
weighted homogeneous. One can check that / is non-degenerate for the 
weight vector P = *(1,1) but it is not strongly non-degenerate. In fact, it 
has two families of critical points 

t ^ {xi,X2,yi,y2) = {t, -t, ±t, =Ft), < t 
with the critical values (2 it 

Proposition 6. Let g{z,z) be a radially weighted homogeneous polynomial 
and let M := z^z^ be a mixed monomial and put h := Mg{z,z). Then 
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is a regular value of g : C*" — > C i/ and only if is a regular value of 
/i : C*" ^ C. 

The assertion is immediate from the definition because g~^{0) H C**^ = 
h-\0)nC*'' and the tangential map d/iw : TwC*" TqC is equal to Mdgw 
for any w G ^-^(O) nC™. 

Recall that for a subset / C {1, . . . , n}, we use the notations = {z S 
I z,- = 0, J ^ 1} and f' = f\ci. 

Proposition 7. Assume that /(z, z) is a nan- degenerate (respectively strongly 
non-degenerate) mixed function. Assume that f^ is not constantly zero for 
some I C {1,2, . . . Then f^ is a non- degenerate (resp. strongly non- 

degenerate) function as a function of variables {zi, Zi, \ i G I}. 

Proof. The proof is exactly parallel to that of Proposition 1.5, |16j . Take 
a compact face A of T{f^). There is a strictly positive weight vector P = 
^{Pi)iei £ such that A = A{P,f^). We consider a strictly positive 
weight vector Q = such that qi = pi for i £ I and qi = v 

for i ^ I. It is easy to see that /q(z,z) = /p(z/,z/) if u is sufficiently 
large. Here fp = {f^)p. Now by the assumption, is not a critical value 
of fg : C*'^ — > C (respectively fg : C*^ — > C has no critical points). As fq 
contains only variables Zj, i G /, is not a critical value of fp : C*^ C 
(resp. fp : C*^ C has no critical points). □ 

For a complex valued mixed function /(z, z), we use the notation (|17j): 
4f(z,z) = (^,...,f^)GC", d7(z,z) = (^,...,f^)GC" 

We use freely the following convenient criterion for a given point to be a 
critical point as a function to C in this paper. 

Proposition 8. (Proposition 1, [T7]) The following two conditions are equiv- 
alent. Let w € C". 

(1) w is a critical point of f : C" C. 

(2) There exists a complex number a with \a\ = 1 such that (i/(w, w) = 
a df{w, w). 

Hereafter we use the simplified notation 4f(w, w) for df{w,w). 
Example 9. Let us consider the following mixed polynomials 

/l = ZiZl - Z2, /2 = ZiZl - Z2Z2, fs = zjzi - z\z2 

and the corresponding mixed varieties Vi = /j^^(O), i = 1, 2, 3. Each of them 
has an isolated singularity at the origin. In fact, as real varieties, they are 
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described as follows. 

Vi = {(x,y) \ xl+yl = xl- yl, X22/2 = 0} 

= {(x, y)\xl + yl = xl, 2/2 = 0} 
^2 = {(x, y)\xl + yl = xl + y^}, diniR V2 = 3 
V3 = {{zi,Z2) I zi = riexp(i6'i), Z2 = r2exp{i02), n = r2, 9i = 62} 

= {{zi,Z2) \zi- Z2 = 0}. 

V3 is a special case of polynomials which has been considered in [20]. /i, /a 
are non-degenerate but /2 is a degenerate mixed function as it is not surjec- 
tive (onto C) and dim^ V2 = 3. Note also that d/2 = df2 = {zi, —22). /i is 
not a polar weighted homogeneous polynomial ( as the monomial zizi can 
not have a positive degree) while /a is a polar weighted polynomial of type 



2.4. Some useful functions. Let J be a subset of {1, . . . , ?i} and consider 
the J-conjugation map tj : C" — > C" defined by: 



Of course, we define ij{zj) = Lj{zj). 

Let /(z,z) be a mixed function. We call that /(z,z) is J-conjugate 
holomorphic if / is an analytic function of the variables {zj \j ^ J} and 
{zk \ k £ J}, or equivalently / o lj{z) is a holomorphic function. 

A mixed polynomial /(z,z) is called a J-conjugate weighted homogeneous 
polynomial if / o lj{z) is a weighted homogeneous polynomial. Let P = 
(pi , . . . , pn) be the weight vector of / o ij(z) and let d be the degree. We say 
that /(z,z) is a J-conjugate weighted homogeneous polynomial of the weight 
type (pi, . . . ,pn;d). The following is obvious by the definition. 

Proposition 10. Assume that /(z, z) is a J-conjugate weighted homoge- 
neous polynomial of the weight type {pi, . . . ,pn', d). Then /(z, z) is a polar 
weighted polynomial with the polar weight type (l jP; d) where 



Furthermore /(z,z) is also a radially weighted homogeneous polynomial of 
the radial weight type {pi, . . . ,pn',d). 

Let M = z'^z^ be a mixed monomial and let g{z,z) = M ■ /(z,z) where 
/(z,z) is a J-conjugate weighted homogeneous polynomial. We say g{z,z) 
is a pseudo J-conjugate weighted homogeneous polynomial if pdegp/5 7^ 
where P' = tjP is the polar weight vector of /(z,z). Note that g o ij{z) 
need not to be holomorphic. Further, if J = 0, we say that g \s a pseudo 
weighted homogeneous polynomial. Then g takes the form M/(z) where / 
a weighted homogeneous polynomial and M is a mixed monomial. 
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Proposition 11. Assume that /(z,z) is a J -conjugate weighted homoge- 
neous polynomial of the weight type {pi, . . . ,pn',d). Let M = z'^z^^ be a mono- 
mial and assume that g{z,z) = M/(z,z) is a pseudo J -conjugate weighted 
homogeneous polynomial, namely pdegp/M + d 7^ 0. Then g : C**^ C has 
no critical points if and only if f : C*" C has no critical points. 

Proof. As g{z,z) is a polar weighted polynomial, the only possible singular 
fiber is g~^{0). Thus the assertion is immediate as g~^{0) = /^^(O) in 
C*". □ 

Example 12. Let /(z, z) = zf -\- ■ ■ ■ -\- + z^- Then / is a J-conjugate 
weighted homogeneous polynomial of the weight type (3, . . . , 3, 2; 6) with 
J = {n}. A mixed polynomial g{z, z) = z^z'^/(z, z) is a pseudo J-conjugate 
weighted homogeneous polynomial if 

n—l 

- A^i) - 2(j^n - /in) + 6 / 0. 

i=i 

Definition 13. Let /(z, z) be a mixed function. We say that / is a Newton 
pseudo conjugate weighted homogeneous polynomial if for any P £ N'^'^, 
there exists a subset J{P) C {1, . . . , n} such that the face function fp{z, z) 
is a J(P)-pseudo conjugate weighted homogeneous polynomial. Here J{P) 
can differ for each P. For a Newton pseudo conjugate weighted homogeneous 
function, the non-degeneracy condition is easily checked by Proposition [TTl 

Example 14. L Let /(z,z) = zf + zfzg + ^T^2 ^^^^ m > 2. Then the 
Newton boundary has two faces and the corresponding weights are P = (2, 3) 
and Q = (m, 2). The face functions are 

fp{z,z) = zf{zf + zl), fQ{z,z) = 4{zf + zT) 

and / is a Newton pseudo conjugate weighted homogeneous polynomial if 
m ^ 2. Note that for m = 2, the polar degree of /q(z,z) is 0. See also the 
next example. We give a class of functions which can not be non-degenerate. 

II. Consider the radially weighted homogeneous polynomial 

n 

/(z, z) = ^ ^3^7 ^7 ' Cl, . . . , c„ G C*. 

i=l 

where ai,...,an are positive integers. This is very special as z'^^ = 
\zj\'^°-^ > 0. Let Q := {J2^=i '^j'^j I '^j > 0} be the open cone of the complex 
numbers C generated by ci, . . . , c^- 

Proposition 15. Let /(z,z) be as above. The image of f : C*" C is Q 

and f is a submersion on Q. 

Proof. As Zj^Zj^ > for zj ^ 0, /(C*") C ft. For an G fi, write rj 
as T] = X]j=iajCj with aj > 0. Take Wj so that = aj. Then 

w = {wi, . . . ,Wn) G f^^{ri) n C*"". Thus the image of / is onto J7. We 
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identify Tjcw)C with C by a-^ + (3-^ a + ip. Here the coordinates of 
C are x + iy. Then it is easy to see that the tangent vector of the j-th 
radial hne rj{t, w) defined by t i-^ (wi, . . . , twj, . . . , Wn) is mapped by dw/ 
to 2aj\wj\'^"'^Cj. This imphes that / : C*" ^ C is a submersion onto Jl. □ 

Corollary 16. Let /(z,z) = Y17=i '^j ^j^ ^j^ ~ Sf=i '-il-^iP"^ ^■^ Proposi- 
tion\15[ 



(1) //O G y = / ^(0) C C*" is smooth and non-empty. 

(2) /(z,z) is not a true non- degenerate mixed function. 

Proof. The first assertion is immediate from Proposition [151 For the second 
assertion, take any two dimensional subspace of with / = {i,j}. the 
open cone Q{ci,Cj) generated by q, Cj cannot be the whole C. Considering 
the weight vector S so that deg5 = N, k ^ i, j and deg5 Zfc = 1 for A; = i, j, 
we see that fs{z, z) = Ci\z\'^'^^ -\-Cj\zj\'^"'^ , as long as N is sufficiently large. If 
dim]Rj^c„c, = 2, it is easy to see that ^ Qc^.c^- Thus (f^)-^{0)r\C*^ = 0. If 
dimKl^,^,e, = 1, either ^ J7e,,c, or e Q^^c,- If ^ Oc„c,, {f^)-\0)nC*^ = 
as above. If G ^Ci,cji argQ + argCj = and the real dimension of 
(/■^)^^(O) n C*^ is 3 and any point of (/^)~"'^(0) is a critical point. Thus in 
any case is not true non-degenerate. □ 

Example 17. Consider 



m n 

1 2a 



z,r^ 



g(z,z) = ^|.,r., h{z,z) = Y,\zj\"'^- E 

j=l j=l j=m+l 

with 1 < m < n. Then the image of g and h are the strictly positive half 
real line {x > 0} and the whole real line M respectively and (/^^(O) nC*" = 
and dim]R h~^{0) = 2n — 1. 

2.5. Pull-back of a polar weighted homogeneous polynomial. Let 

a = (pij) = (Pi, . . . , Pn) be a unimodular matrix where Pj = ^{pij, ■ ■ ■ ,Pnj) 
is the j-th column vector. Consider the toric morphism 

^^:C"^C", w^z = (zi,...,z„) 

Pil Pin ■ -I 

= ■^i ■■■Wn , J = l,...,n. 

See §4.1 for more details. Let /(z,z) = J2JLi C/^.i'Z'^^z'^-' be a polar weighted 
homogeneous polynomial of type (pi, . . . ,Pn; dp) and let {qi, . . . ,qn; dr) be 
the radial weights. Then they satisfy the equality: 

n n 

^(/ij - Uj)pj = dp, ^{uj + Uj)qj =dr, j = l,...,m 
j=i i=i 
where P = *{pi, . . . ,Pn) and Q = . . . , Consider the pull-back 

m m 

c(/)(w,w) = j;c^,,v:(z'^^z-o = E^M-^w'^^w'^^- 

i=i i=i 
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where /x^- = ^jcr, u'- = i/jU and //j, Vj are considered raw vectors. We define 
p' := a-^P. Then we see that 

{tJ,'j + Uj)Q' = {nj + Uj)aa~^Q = dr 

in'j - u'j)P' = {nj - Uj)aa-^P = dp 
for any j = 1, . . . ,m. Thus 

Lemma 18. Let /(z, z) be a polar weighted mixed polynomial of the radial 
weight type {qi, . . . , dr) and of the polar weight type (pi, . . . ,Pn; dp). Then 
5f(w,w) := ^*/(w, w) is also a polar weighted homogeneous polynomial. 
The radial weight type and the polar weight type are {q[, . . . , q'^; dr) and 
(pi, . . . , p'r^; dp) respectively where 




yQnJ \PnJ \PnJ 

Two fibrations are isomorphic by tp^, using the following commutative dia- 
gram. 

C*n £* 

^id 



qi\ Pi\ iPi 



(The commutativity implies that ipa- is a fiber preserving diffeomorphism.) 

3. ISOLATEDNESS OF THE SINGULARITIES 

Let /(z, z) = Cu_^ z'^z'^. As we are mainly interested in the topology 

of a germ of a mixed hypersurface at the origin, we always assume that / 
does not have the constant term so that O G /~^(0). Put V = /~^(0) C C". 

3.1. Mixed singular points. We say that w G F is a mixed singular point 
if w is a critical point of the mapping / : C" — > C. We say that V is mixed 
non-singular if it has no mixed singular points. If V is mixed non-singular, 

V is smooth variety of real codimension two. Note that a singular point of 

V (as a point of a real algebraic variety) is a mixed singular point of V but 
the converse is not necessarily true. For example, every point of the sphere 
S = {zizi + • • • + ZnZn = 1} is a mixed singular point. 

3.2. Non- vanishing coordinate subspaces. For a subset J C {1, 2, ... , n}, 
we consider the subspace C'^ and the restriction f"^ := f\cJ- Consider the 
set 

AfV{f) = {Ic{l,...,n}\f^O}. 
We call MV{f) the set of non-vanishing coordinate subspaces for f. Put 

ytt = IJ vn C*^. 
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Theorem 19. Assume that /(z,z) is a true non- degenerate mixed function. 
Then there exists a positive number ro such that the following properties are 
satisfied. 

(1) (Isolatedness of the singularity) The mixed hypersurface Ci Br^ is 
mixed non-singular. In particular, codiniKV'* = 2. 

(2) (Transversality) The sphere with < r < tq intersects trans- 
versely. 

Proof. We prove that the origin is an isolated mixed singularity. Or H B^g 
has no mixed singularity, if r is sufficiently small. Denote the mixed singular 
locus of V by T,miV). Assume the contrary. Using the Curve Selection 
Lemma ([12^ [7]). we can find a real analytic curve z(i) G C", < t < 1 so 
that z{t) £ T,miV) nVHort^O and z(0) = O. Using Proposition [8] we can 
find a real analytic family \{t) in S"^ C C such that 

(1) #(z(t),z(t))=A(t)(i7(z(t),z(t)). 

Put I = {j\ Zjit) ^0}. As z(t) G yf, / G MVif), the restriction f^ = f\ci 
is not constantly zero. We may assume that I = {1, . . . , m} and we consider 
and the Taylor expansion of z(t): 

Zj(t) = bit"'' + (higher terms), bi ^ i = 1, . . . ,m 
X[t) = Ao + Xit + (higher terms), Aq G 5^ C C. 

Put A = (ai, . . . , Om) and we consider the face function of /^(z, z). Let 
d = d{A; f^) > and b = (6i, . . . , 6„) G C*™. Then we have 

§-{z{t),z{t)) = ^(b,b)t'^-'^J + (higher terms), j = l,...,m 

§-{z{t),z{t)) = ^(b,b)t"'-'^^ + (higher terms) j = 1, . . . ,m. 



Observe that by the equality ([T]), we have the following equality: 

df^ _ df^ 
ordt— (z(t),z(t)) = ordt — (z(i), z(t)), j = 1, . . . ,m. 

Thus by (dl), we get the equality: 

d^(b,b) = Ao<i7i(b,b). 

On the other hand, the equality f\z(t)) = implies that /^(b, b) = 0. 
This implies that b G C*^ is a critical point of : C*^ — > C, which is a 
contradiction to the non-degeneracy of /^(z,z). 

The second assertion is the result of a standard argument ( Corollary 2.9, 

m). □ 



We say that / is k-convenient if J G NV{f) for any J C {1, . . . , n} with 
I J| = n — k. We say that / is convenient if / is (n — l)-convenient. Note 
that V'^ = V \ {0} if / is convenient. For a given £ with < ^ < n, we put 
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W{i) = {z G C" I |/(z)| < £} where /(z) = {i\zi = 0}. Thus W{n-l) = C*". 
If / is ^convenient, VnW{i)cVK 

Corollary 20. Assume that /(z, z) is a convenient true non- degenerate 
mixed polynomial. Then V = f^^{0) has an isolated mixed singularity at 
the origin. 

Remark 21. The assumption "true" is to make sure that V* = /~^(0)nC*" 
is non-empty. 

4. Resolution of the singularities 

We consider a mixed analytic function /(z, z) and the corresponding 
mixed hypersurface V = /~^(0). We assume that O G F is an isolated 
mixed singularity, unless otherwise stated. 

If / is complex analytic, a "resolution of /" is usually understood as a 
proper holomorphic mapping ip : X ^ C" so that 

(i) E := ip^^{0) is a union of smooth (complex analytic) divisors which 
intersect transversely and ip : X — E — {0} is biholomorphic, 

(ii) the divisor {(f* f) is a union of smooth divisors intersecting transversely 
and we can write (95*/) = V L) E where V is the strict transform of V (= 
the closure of tp~^{V — {O})), 

(iii) for any point P £ Ej H V with / = {ii, . . . ,is}, there exists an 
analytic coordinate chart {ui, . . . ,Un) so that the pull-back of / is written 
asU X ■ ■ ■ u^^ where C/ is a unit in a neighborhood of P, Ei^ = {uk = 0} 

(A; = 1, . . . , s - 1) and y = {n^ = 0}. Here E} := nEi^i \ Uj^Ej. 

For a mixed hypersurface, a resolution of this type does not exist in 
general. The main reason is that there is no complex structure in the tangent 
space of V. Nevertheless we will show that a suitable toric modification 
partially resolves such singularities. 

4.1. Toric modification and resolution of complex analytic singu- 
larities. For the reader's convenience, we recall some basic facts about the 
toric modifications at the origin. We use the notations and the terminologies 
of O la IS] and g221 

4.1.1. Toric modification. Let A = (oij) € GL{n,Z) with detA = ±1. We 
call such a matrix a unimodular matrix. We associate to A a birational 
morphism 

ipA ■■ C*" ^ C*" 

which IS dehned by ipA\^) = [^i ■ ■ ■ Zn , . . . ■ ■ ■ Zn ). if the coefh- 

cients of A are non- negative, ipA can be defined on C". Note that if) a is a 
group homomorphism of the algebraic group C*" and we have 
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We consider the space of integer weight vectors N and we denote weight 
vectors by column vectors. Here the coordinates z = {zi, . . . , Zn) is fixed. 
The space of the weight vectors with coefficients in R is denoted by N^. 

Now we consider the subspace of positive weight vectors N^. Let Pi, ... , 
Pm be vectors in N^. The polyhedral cone generated by Pi,...,Pjn is 
defined by 

Cone(Pi,...,Pi„) := {tiPi + --- + tmPr„ G N|ti G M, t; > 0, i = l,...,m}. 

The interior of Cone(Pi, . . . , Pm) is called an open cone and it is defined as 

IntCone(Pi, . . . , P^) := {tiPi+- • •+tmPm G N|ti G M, t; > 0, i = 1, . . . , m}. 

The cone Cone(Pi, . . . ,Pm) is called a simplicial cone if {Pi, . . . ,Pm} are 
linearly independent. We consider only the case where Pi, ... , Pm are integer 
vectors. We call Pi, ... , Pm the vertices of the cone, if Pi, ... , Pm are chosen 
to be primitive integer vectors, by multiplications of rational numbers if 
necessary. It is called a regular simplicial cone if {Pi,...,Pm} can be a 
part of Z-basis of N. For a regular simplicial cone a = Cone(Pi, . . . , Pn) of 
dimension n with vertices Pi, . . . ,P„, we associate a unimodular matrix A 
whose j-th column is Pj. By an abuse of notation, we also denote A by a. 
Let El, . . . , En he the standard basis of A''. { Ej = ^{0, ... ,1,0, ... ,0) where 
1 is at the j-coordinate.) Then Cone(Ei, . . . , En) is a regular simplicial cone 
and it is nothing but A^j^. 

We consider a simplicial cone subdivision S* of the cone Cone(Ei, . . . , En) 
for which every cone is regular. Such a subdivision is called a regular fan. 
Suppose that S* is a regular fan. Let S be the set of n-dimensional cones 
and let V"*" be the set of strictly positive vertices. For simplicity, we assume 
that the vertices of S* are the union of {Ei, . . . , E^} and V^. For each 
a £ S, we consider a copy of a complex Euclidean space C" with coordinates 
U(T = {Uf^i, ■ ■ ■ ,Uan) and the morphism vTo- : C" — > C" defined by 7ro-(uo-) = 
'(/'o-(uo-). Taking the disjoint sum Uo-esC", we glue together Uo-esC" under 
the following equivalence relation: 

Uo- ~ Ut- if ipr-'>-a is well-defiucd at u^- and ip^-i^^Uf^) = u,-. 

We denote the quotient space Lla-g^C"/ ~ by X^;*. Then X^* is a complex 
manifold of dimension n and the morphisms tTo- : C" C", a £ S are 
compatible with the identification and thus they define a birational proper 
holomorphic mapping 

The restriction vr to X^;* \ 7f^^(0) is a biholomorphic onto C" \ {O}. We 
call TT : Xy,* C" the toric modification associated with the regular fan S* 
[14:\ I16j . The irreducible exceptional divisors correspond bijectively to the 
vertices P G V+ and we denote it by P(P). Then Tr~^{0) = Upgv+ ^i^)- 
The easiest non-trivial case is when V"*" = {P = . . . , 1)}. In this case, 
Xy,* is nothing but the ordinary blowing-up at the origin of C". 
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4.1.2. Dual Newton diagram and admissible toric modifications. Let /(z, z) = 
J2u fi ^ germ of mixed function in n variables zi, . . . , Zn- We in- 

troduce an equivalence relation in by 

P ~ Q, P, g G iV+ ^ A(P; /) = A(Q; /). 

The set of equivalence classes gives an open polyhedral cone subdivision of 
and we denote it as r*(/;z) and we call it the dual Newton diagram. 
Let S* be a regular fan which is a regular simplicial cone subdivision of 
r*(/). If T,* is a regular simplicial cone subdivision of r*(/), the toric 
modification vr : Xj]* C" is called admissible for /(z,z). The basic fact 
for non-degenerate holomorphic functions is: 

Theorem 22. ( [141 [TSl I16j ) Assume that /(z) 6e a nan- degenerate con- 
venient analytic function with an isolated singularity at the origin. Let 
TT : Xs* — > C" be an admissible toric modification. Then it is a good resolu- 
tion of the mapping f : C" C at the origin. 

This is a starting observation of the present paper. 
4.2. Blowing up examples. We consider some examples. 

Example 23. A. Let Ci = {(^1,22) € \ zj - z^ = 0}}, Vi = {(21,^2) G 
C2|/i(z,z) = 0} and V2 = {(^1,^2) G C2|/2(z,z) = 0} where /i(z,z) = 
zf — Z2 and /2(z, z) = zizi — z^. Ci is a union of two smooth complex line, 
Vi is a union of two smooth real planes, zi it Z2 = and V2 is an irreducible 
variety. Consider 

where vfi : Xi is the toric modification associated with the regular fan 

generated by vertices 



Geometrically, vfi is an ordinary blowing up. Note that for the complex 
curve Ci, the two components are separated by a single blowing up vfi. We 
will see what happens to the two other mixed curves Vi, V2. In the toric 
coordinate with a = Cone(P,E2) and the toric coordinates {ui,U2), the 
strict transform Vi, V2 of ^2 are defined in the torus C*^ as 

Ci n = {{ui,U2) G I uj - ujul = uj{l - ul) = 0} 

Vi n Cf = {{ui,U2) G I ul - u\ul = 0}, 

V2 n Cf = {{uuU2) G Cf I ui(ni - Ulul) = 0}. 

The first expression shows that Ci is already smooth and separated into two 
peaces. Unlike the case of holomorphic functions, we observe that 

{{ui,U2) G Cl\ul-ulul = 0} D Vu {{ui,U2) e Cl\ui - uml = 0} D V2 
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as E(P) = {ui = 0} Vi, i = 1, 2. In both cases, we see that the 1-sphere 
\u2\ = 1 appears as their intersection with the exceptional divisor E{P). It 
is easy to see that for Vi, both irreducible components = {(1x1,^2) G 
Cf\ui±uiU2 = 0} satisfy the limit equality L* n ^(P) = {(0, «2)||fX2| = 1} 
with e = lb. Thus n L_ is the 1-sphere \u2\ = 1 and the ordinary 
blowing up does not separate the two smooth components. For V2, we will 
see later that it has two link components. See §6 for the definition of the link 
components. This illustrates the complexity of the limit set of the tangent 
lines in the mixed varieties. 

B. We consider an ordinary cusp (complex analytic) C2 = — = 0} and 
a mixed curve V3 = {z^ — zfzi = 0} with the same Newton boundary and 
an admissible toric blowing up tt : X2 — which is associated with the 
regular simplicial fan: 

s5={i^up=(;).Q=@.fl=@,E.} 

Let (ui, U2) be the toric coordinate of with a = {Q,R) = ^ ^ . Then 

the pull back of the defining polynomials are defined in this coordinate chart 
as 

C2 n cf = {(ui,u2) G I ul4{u2 - 1) = 0} 

V3 n c*2 = {{ui,u2) G 1 ujuliujul - ujm) = 0}. 

Observe that C2 is smooth and transverse to the exceptional divisor E{Q) = 
{ui = 0}. The strict transform V3 is defined by -ul — "Sf 1*2 = in C*'^. 
We see again that for V3, a sphere \u2\ = 1 appears as the intersection with 
the exceptional divisor. We observe that V3 n E{Q) = {(0, n2)||M2| = 1}. 

The above examples show that the toric modification does not resolve 
the singularities of non-degenerate mixed hyper surf aces. To get a good 
resolution of a mixed hypersurface singularity, we need to compose a toric 
modification with a normal real blowing up or a normal polar modification 
which we introduce below. 

4.3. Normal real blow^ing up and normal polar blowing up of C. 

Consider the complex plane with two coordinate systems z = x + iy and 
z = rexp(z0). We can consider the following two modifications. 

(I) Let : C \ {0} ^ C x MP^ defined hy z = x + iy ^ {z,[x : y]) and 
let TZC be the closure of the image of iR. This is called the real blowing 
up. TZC is a real two dimensional manifold which has two coordinate charts 
{Uq, {x, t)) and (Ui, (s, y)). These coordinates are defined hy x = x,t = y/x 
and y = y,s = x/y. The canonical projection ujg, : TZC — C is given as 
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u;]r(x, t) = x{l + it) and uj^{s, y) = y{s + i). Note that uj^^{0) = MP"*^ and 
: 7^C \ {0} X Mpi ^ C \ {O} is diffeomorphism. 

(II) Consider the polar embedding ip : C\{0} x S"^ which is defined by 

(rexp(6'ii)) = (r,exp(6li)). Here M+ = {x G M|x > 0}. Let PC = R+ x S*! 



and ujp : VC — > C be the projection defined by a;p(r, exp(^ i)) = rexp(6'i). 
We can see easily that ujp\0) = {0} x and ujp : VC\{0} x ^ C\ {O} 
is a diffeomorphism. Note that VC is a manifold with boundary. 

4.3.1. Canonical factorization. There exists a canonical mapping ip : VX 
TZC which is defined by 



ip{r, exp(0 i)) 



= (rcos6l,tan6l), 6* / ±f 
(s, y) = (cot 6*, r sin 6*), 0/0, vr 



It is obvious that ijj gives the commutative diagram 

VC nc 



c = c 

Note that the restriction of ip over the exceptional sets is a 2 : 1 map: 
ip:{0}xS^ ^ {0} X exp(0i) ^ [cos(6') : sin(0)] 

4.4. Resolution of a mixed function. Let /(z,z) be a mixed function 
and let V = /^HO) and we assume that V has an isolated mixed singularity 
at the origin and the real codimension of V is two. (Note that if V is non- 
degenerate, it has a real codimension two by the definition of non-degeneracy 
and Theorem 1191) Let 1" be a real analytic manifold of dimension 2n and 
let <I> : y — > C" be a proper real analytic mapping. We say that ^ .Y ^ C" 
is a resolution of a real type (respectively a resolution of a polar type) of the 
mixed function / if 

(1) Let E = <^-^{0) and let S = ^1 U • • • U Er be the irreducible 
components. Each Ej is a real codimension one smooth subvariety. 

(2) y is a real analytic manifold of dimension 2n. For a resolution of a 
real type, Y has no boundary while for a resolution of a polar type 
y is a real analytic manifold with boundary and dY = E. 

(3) The restriction ^ : Y — E ^ C" \ {O} is a real analytic diffeomor- 
phism. 

(4) Let V be the strict transform of V (=the closure of ^^^{V \ {O})). 
Then is a smooth manifold of real codimension 2 in an open neigh- 
borhood of E. 

(5) For / = {ii, . . . , it}, put E* := flLi ^i, \ \Jj0 Ej. For P G E* n V, 
there exists a local real analytic coordinate system (U, (ui, . . . , U2n)) 
centered at P such that 

^*f{u) = uT'---ur{nt+i+iut+2) 
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SO that U n Ei. = {uj = 0} for j = 1, . . . , i and U nV = {ut+i + 
i Ut+2 = 0}. In the case of a resolution of a polar type, we assume 
also that Y nU = {ui > 0, . . . ,ut > 0}. 

For example, assume that t = 1 for simplicity. Then the condition (5) says 
the following. If we are considering a resolution of a real type, 

if we are considering a resolution of polar type, 

See the next section for more details. 

4.4.1. Normal real blowing up. Let X be a complex manifold of dimension 
n with a finite number of smooth complex divisors Ei, . . . , such that the 
union of divisors E = IJi=i has at most normal crossing singularities. 
Then we can consider the composite of real modifications for the normal 
complex 1-dimensional subspaces along the divisor Ei,...,E(. Put it as 
ujm. '■ T^X X and we call it the normal real blowing up along E. It is 
immediate from the definition that 

(1) TZX is a differentiable manifold and cjjn : TZX\lo^^{E) —>'Y\E is a 
diff eomor phism . 

(2) Inverse image Ej := Lu^^{Ej) of Ej is a real codimension 1 vari- 
ety which is fibered over Ej with a fiber S^. Here Ej is the nor- 
mal real blowing up of Ej along [j^^j E^ fl Ej. Putting Ej := 

Hie/ E*j := uj^^{E}) is fibered over E} with fiber (S^)*^ 

where k = \I\. 

Take a point P ^ Ej and choose a local coordinate (W, (ui , . . . , Un)) so 
that / = {l,...,m} and Ej = {uj = 0}, j = l,...,m. Then lu^^{W) 
is isomorphic to {TZC)'^ x C"~"* covered by 2"^ coordinates Wei,...,em = 
X • • • X X C"-"™ where ej = or 1. For example, VFi,o,...,o has the coor- 
dinates (as a real analytic manifold) (si, yi, X2, t2, ■ ■ ■ , Xm, tm-, '"m+ij • • • > 'u-n) 
so that the projection to the coordinate chart u G W is given by 

Ul = yi{si + i), U2 = X2(l +it2), ...,Um = +itm). 

In this coordinate chart, the exceptional real divisor Ej, j < m is defined 
by El = {yi = 0} and Ej = {xj = 0} for 2 < j < m. 

4.4.2. Normal polar blowing up. We can also consider the composite of the 
polar blowing ups along exceptional divisors, which we denote as tOp : VX 
X. In the same coordinate chart (W, u), u = («!,..., u„) as in the previous 
discussion, u!~^{W) is written as 

uj-^(W) = (M+ X S^) X • • • X (R+ X S^) X C"-"^ 
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with coordinates (ri, exp(z 6'i), . . . ,rm,exp(z6'm,))'iim+ij • • • lUn) and the pro- 
jection is given by 

(ri,exp(i(9i), . . . ,rm,exp(f 

~ ''^i 6Xp(i j = 1, . . . , m. 

Note that "PX is a manifold with boundary and uj~^[Ej) is the boundary 
component which is given by {vj = 0}. 

4.5. A resolution of a real type and a resolution of a polar type. 

Now we can state our main result for the resolution of non-degenerate mixed 
singularities. Assume that /(z, z) = Ylv Ci/,^z''z'^ is a non-degenerate con- 
venient mixed function and consider the mixed hypersurface V = /^^(O). 
Let r(/) be the Newton boundary and let r*(/) be the dual Newton dia- 
gram. Take a regular simplicial cone subdivision in the sense of [16] and 
let TT : A — > C" be the associated toric modification. Let V"*" be the set 
of strictly positive vertices of S* and let E{P),P G be the exceptional 
divisors. We may assume that the vertices which are not strictly positive are 
the canonical bases {-Ei, . . . , En} of N by the convenience assumption where 
Ej = *(0, . . . , 1, . . . , 0). Put E = Upe'P ^(-^)- Then we take the normal real 
blowing-ups : TZX — > X along the exceptional divisors of E. Then we 
consider the composite 

$:=??ou;M:7^A^A^C^ ^^^MO). 

Put E{P) := lu-\E{P)) with P e V+. 

Theorem 24. <I> : TZX C" gives a good resolution of a real type of f at the 
origin and the exceptional divisors are E(P) for P S V"*" . The multiplicity 
ofE{P) of the function $*/ along E{P) is d{P; f). 

Let f{z,z) = g((x,y) -|- i/i(x,y) be the decomposition of / into the real 
and the imaginary part. Then the above assertion for the multiplicity is 
equivalent to: the mutiplicities of ^*g, ^*h along E[P) are the same and 
equal to d{P; /). 

Proof. We use the same notations as those in [HI [151 IS]- Let V , V be the 
strict transforms of V into IZX and A respectively. 

$ : 7^A ^ A ^ C" 

U U U 

y ^ y ^ y 

Take any point ^ G Vr\^^'^{0) and consider ^ = $(^) G V . Assume that ^ is 
in a toric coordinate chart C" with a = (Pi, i-*2i • • • > -fn) which is a unimodu- 
lar matrix. Assume that i G E{Pi,P2, ... , Ps)* where E{Pi,P2, ... , Ps)* = 
ni^i E{Pi) \ [J^^g E{Pj). For simplicity, we assume that s = 1 and ^ £ 

E{Pi)* , leaving the other cases to the reader, as the argument is exactly 
the same. We denote the coordinates in this chart as {uai, ■ ■ ■ ,Uan) and 
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tier J- = Xaj + i Vaj ■ For simplicity, we write simply Uj , Xj , yj for u^rj , x^j , Vaj 
respectively. By the assumption, ^ = (0, • • • ,S,n) with 7^ 0, j > 2 in 
the toric coordinate space C". We may assume that ^ G (C")o- The coor- 
dinates of (C")o are given by {xi,ti,U2, • • • , Un)- The divisor E{Pi) is given 
by {xi = 0} and the projection wir|(C")o ^ C" is given as 

(xi,ii,n2, . . . ,u„) (lii, . . .,Un), ui = xi(l +iti). 

Let A = A (Pi). Take an arbitrary monomial z'^z'^. Then we observe that 

Kiz^z^ = u^''^"^ • • • n^-^'^) X • • • u^-^'^) and 

n 

i=2 

Here we recall that Pi(i^) = Yl^=iPji^j- definition of d{Pi), for any 

monomial z'^z'^ which appears in /(z,z), we have 

Pi(z/) +Pi(//) > d(Pi), and 
Pi(i/)+Pi(m) = (i(Pi) ^ zy + ^GA(Pi). 
Thus we can write the pull-back function as 

$*/(xi,ti,0 =5f^^) X /,(xi,ti,u;) 
$*/A(xi,ti,u;) = ff^i) X /A,.(ti,u;) 
fa{xi,ti,u'^) = fA,a{ti,u'^) modulo (ici). 

where u'^. = {u2, ■ ■ ■ ,Un)- The important point here is that /a,ct does not 
contain the variable xi. In the above notation, the strict transform V is 
defined by /cr(xi, ti, u^) = in iC'^)o. Let | = (0, n, ^2, • • • , ■^n) in the 
coordinates (xi,ii,u^). Using the expression /(z,z) = g{x,y) +ih{x,y) 
and /a(z,z) = (7A(x,y) + ih/\{x,y), we write these functions /o-, /a.o- as 
the sum of real-valued functions: 

fa{xi,ti,x'^,y'^) =g„{xi,ti,x'^,y'^) + iK{xi,ti,x'^,y'^) 

7A,(T(ti, x^, y'^) = ?A,<7(ii, x^, y^) + i /iA,a(ii, x^, y'^), 

where = (x2, . . . , x„), y'^ = (y2, • • • , Vn)- 

The main assertion in Theorem [241 is that the rank of the Jacobian matrix 
of the functions xi,ga,hf^: 

_ d{xi,g^,K) ^-^ _ /l \ 

is 3, which is equivalent to 

rank ( J^^^Ao] = 2. 
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Note that gA,aiO = ^a,(t(0 = ^^'^ 

Qa - gA,a = 0, K - hA,a = modulo (xi) 

therefore 

Now recall that gA.a,hA,a does not contain the variable xi. Define a mod- 
ified point 1' G (C^)o by i' = (l,ri,6, ■■■,^n) and put ^ = Mi') e 
and wo = 7r^(^') G C™. Put wq = xq + iyo- (Recall that vr^ : C'J ^ C" is 
the projection of the toric modification in this chart.) Then as gA,a{S,') = 
gA,a{0 = 0, we have 

rank ( _ - ( d{gA,a,liA,.) .p. 

-rank (^^(IW^A^.P/^ 

Now we consider the hypersurface 

y^:={zGC™|/A(z)=0} 

={x + iy eC*"|5A(x,y) = /iA(x,y) = 0} 

where zj = xj +iyj, j = 1, . . . ,n and x = (xi, . . . y = (yi, . . . ,yn)- 
Note that wq G V^- As /a(wo) = and $ = ^ o cjr : ^>-i(C*") ^ C*" is a 
diffeomorphism, we see that 

f f(gA..,hA.J \ ^ ^^^^ / a(x?^2-^gA,.,xf^^)hA,.) \ 
V9(xi,ti,x;,y;,)^'' V V 5(xi,ti,x;„y^) '^'^ ' J 

1 /9(gA,hA). ^ 

where wq = xo + iyo- The first equality is the result oi gAaiC) = hA<j{^') = 
0. The last equality follows from the non-degeneracy condition which as- 
sumes that /a : C*" — > C has as a regular value. □ 

We can also use the normal polar blowing-up tOp : VX X along 
E{P), P G V+ and the composite ^p-.VX ^ C". Put E{P) := <^-^{E{P)), 
P G V+. 

Theorem 25. Under the same assumption as in Theorem\24\ '■ VX X 
gives a good resolution of a polar type o//(z,z) where is the composite 

$p : rx^X^C^. 

The multiplicity of E{P) of the function ^pf along E{P) is d{P; f). There is 
a canonical factorization f] : VX TZX so that LOp = o r/ and ^p = ^oj]. 
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Proof. The proof is almost the same as that of Theorem [Ml For an arbitrary 
monomial z'^z^. Then we observe that 

7r:(z^z'^) = u^'^"^ ■ ■ ■ ul-^'^ X ('^^ • • • and 

n 

uX^iz'^zn = rf^^'^^^) exp(Pi(^. - f,)9, i) \{ uf^'''^uf^^\ 

i=2 

Thus we simply replace (xi,ti,u'^) by (ri,^i,u^) with u^i = riexp(i6'i) = 
in the previous calculation. The factorization follows from ^4.3.11 

□ 

Remark 26. The assertion of Theorem 1241 and Theorem [25] says that the 
strict transform y is a "Cartier divisor" in the sense that it is locally defined 
by a single complex- valued real analytic function in TZX, although V is not a 
Cartier divisor in X. Note also that the pull-back of g and h are real-valued 
functions which have the same multiplicity d{P) along E{P), P G V+. 

Example 27. We consider two modifications: 

where ttj : Xj — > is the toric modification associated with the regular fan 
S* {j = 1, 2) which are defined by the vertices as follows. 

1. Let Vi = /(z, z) = zf — Z2 = 0. This is a union of two smooth real planes 
Z2 i ^1 = 0. In the toric coordinate chart with a = Cone(P,E2), the 
strict transform Vi of Vi is defined in C*'^ by 

Vi : u\ — u\u\ = 0. 

We have seen that Vi n E{P) = {ui = | |ii2| = 1}. Now take the normal 
real blowing up along E{P), ujm. ■ TlX X. The strict transform is defined 
in {Cl)e as 

Vi = {(5i,ti,U2) G X 'C\{l-itif - {l + itiful = 0} 
= {{vi,si,U2) G M2 X C I (si - if - {si + iful = 0} 

Note these equations give two smooth components L^, e = ±1 which are 
disjoint: 

{(xi,ti,n2) G X C| (1 -iti) ± {l + iti)u2 = 0}. 

This expression shows that the strict transform is embedded in the cylinder 
1^2 1 = 1. Let us see this in a normal polar modification iVp : VX X. Now 
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VX is locally diffeomorphic to the product of 5^ x x C and the strict 
transform is now defined in a simple equation 

Vi = {(ri,exp(0i),ii2) | U2 = =F exp(— 2 6* i)} 

and it has two link components. This shows that the strict transform is a 
product (it does not depend on ri ) and for a fixed ri , they are parallel torus 
knots in x = y. {\u2\ = !}• Observe that the direction of twisting 
is opposite in the first and the second S^'s with respect to the canonical 
orientation of . 

2. Let us consider another mixed curve: 

V2 : {zizi - zl = 0} 

Equivalently V2 is defined by 

{{xi,yi,X2,y2) G I xi +yi = X2 - yl, X2y2 = 0}. 

This can be defined as 

V2 = {{xi,yi,X2,y2) eR^\y2 = 0, xl = x\ + yi}. 

This curve is real analytically (or real algebraically) irreducible at the origin 
(see [2j for the definition) but we can see that V2 \ {0} has two connected 
components Z2 = \z\\ and Z2 = —\zi\. Thus for the geometrical study of 
real analytic varieties, especially for the study of real analytic curves, it is 
better to see the connected components of /~^(0) \ {O}. We apply the same 
toric modification vfi and we consider its strict transform on the toric chart 
Cone(P,E2) where we use the same notation as in Example 1271 

V2 : ui — U1U2 = 0. 

Again we see that V2 H E{P) = {(0, n2) | \u2\ = 1}. Take the normal real 
blowing up along E{P). The strict transform is defined in (C^)e as 

V2 = {{±i,ti,U2) G X C| (1 - iti) - {l + iti)ul = 0} 
= {(yi, si, ns) G X C I (si - i) - (si + i)ul = 0} 
which is non-singular. They have two real analytic components: 
{(xi,ii,'U2) G M2 X C|n2 ± {l-iti)/^/l + i{ = 0} or 
{(yi, 51,1*2) G M2 X C I n2 ± (si - i)/^s{ + l = 0} 

Note that ^Jl + t\ is a real analytic function, although \/x\ + y\ is not an 
analytic function at O. The above expression says that V2 is a product 

|(ti,U2)|-\/l + t? U2 ± {l-ih) = o| X M 

where the second factor is the line with coordinate xi. Using the resolution 
of a polar type, V2 is simply written as 

V2 = {{ri,ei,U2) G M+ X 5i X C I n2 ± exp(- 01 i) = 0}. 

Again we observe that it is a product of torus knots and . 
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3. Next we consider V3 = {z^ + zfzi = 0}. The Newton boundary is the 
same with that of the cusp singularity Z2 + zf = 0. Thus we use the toric 
modification Tr2 : X2 C^. Let (ni,M2) be the toric coordinate of the chart 
?2 l\ 

a = {Q,R) = ^j. Then the pull back of / is defined in this coordinate 
chart as 

7/ \ ^ 3 2\2 I / 2 \2/-2 - \ 42^22, -2 - \ 

j{ui,U2) = {U1U2) +{UiU2) {U1U2) = UiU2{UiU2+U^U2) 

Thus the strict transform can be written as + u1u2 = 0. Thus again 

we see that V3 H E{Q) = {(0, U2) \ \u2\ = 1} and 5^ appears as the limit of 
V3 n E{Q) where E{Q) is the exceptional divisor corresponding to Q. We 
take a normal polar modification ujp : VX2 X2 and consider this in the 
coordinate chart a;~^(C^) with coordinates (ri, exp(0i i), r2, exp(02 i)) with 
ui = ri exp(^i i), U2 = ^2 exp(02 Then V3 is defined by 

^3 = {r2 exp(3 62 i) + exp(-4 Oi i) = 0} 

which implies that r2 = 1 and 8^2 = —46*1 mod 2tt. We see that V3 n E{Q) 
is a torus knot but the orientations for 61 and 62 are reversed. 

In the resolution of a real type, the equation is apparently a little compli- 
cated. In the chart Co-,o,Oi y?,'^E{Q) is given by ^((ti, S2, X2) = h{ti, S2-,X2) = 
where 

S2,X2) = X2 - 2;2 •S2 - 4 3;2 h S2 - X2tl + X2 ifsl + 1 - 2ti S2 - if 
h{ti,S2,X2) = -2X2 S2 - 2X2 tl + 2X2 h S2 + 2X2 tiS2 + S2 + 2ti - tfs2. 

Taking the resultant of g{ti, S2, X2) and h{ti, S2, X2) in ti, we see that §2X2 + 
s| = 1 which corresponds to r2 = 1 in the polar resolution. 

4.5.1. Pseudo weighted homogeneous hypersurface. Suppose that /(z,z) is a 
convenient non-degenerate mixed function, let vf : X ^ C" be an admissible 
toric modification and let cjr : TZX — > X be a real modification along the 
exceptional divisors as in Theorem [2ll Suppose that for a strictly positive 
weight P, /p(z,z) is a pseudo weighted homogeneous polynomial. Write it 
as /p(z,z) = Mh{z) where M is a mixed monomial and h{z) is a weighted 
homogeneous polynomial with h~^{0) n C*" being smooth. Take a toric 
coordinate chart a = (Pi, . . . ,P„) with P = Pi. Put du = rdegp M and 
dh = rdegp h. Then rdegp / = dM + dh.. Then the strict transform V in the 
toric coordinates is already non-singular. Using the same notation as in 
the proof of Theorem [24l we have 

r/p(u,, u,) = r (M) r /i(u,) = M'4'^h{v^,) 

where M' is a mixed monomial and /i(u') is a polynomicil of U(j2) • • • ? ^crn* 
Let E{Pi) = {vl £ C^-^ I h{u'^) = 0} be the exceptional divisor. Then V 
is diffeomorphic to the product C x E{Pi). Now we take the normal real 
modification. The defining equation of the strict transform V in (C(j)o is 
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given as io-, u'^.) = where 

fa{xi,t^,u'^) = /p,^(xi,ta,u^) modulo(xi) 
<^*fp{xi,ta,u^) = xf^'^ /p,^(5l,t<^,U^) 

/p,a(5l,ia,U^) = {l+tii)'^{l-tiifh{u^2,---,Uan)- 

Thus we see that y is a product TZC x E[Pi). The modification uop : VX 
X is simply the polar modification of the trivial factor C. 

5. MiLNOR FIBRATION 

In this section, we study the Milnor fibration, assuming that /(z,z) is a 
strongly non-degenerate convenient mixed function. We have seen in Theo- 
remllQIthat there exists a positive number ro such that V = /~^(0) is mixed 
non-singular except at the origin in the ball and the sphere 5"^""^ in- 
tersects transversely with V for any < r < tq. The following is a key 
assertion for which we need the strong non-degeneracy. 

Lemma 28. Assume that /(z,z) is a strongly non- degenerate convenient 
mixed function. For any fixed positive number ri with ri < rg, there exists 
positive numbers 5q <C ri such that for any rj ^ 0, \ri\ < 5o and r with 
ri < r < ro, (a) the fiber := f^^^rj) has no mixed singularity inside the 
ball Bf.^ and (b) the intersection H S'^'"'"^ is transverse and smooth. 

Proof. As the assertion (b) follows from the compactness argument, we show 
the assertion (a) by contradiction. We assume that (a) does not hold. Then 
using the Curve Selection Lemma ( \12\ [?]), we can find an analytic path 
z(t), < t < 1 such that z(0) = O and /(z(t),z(t)) / for i / and z(t) 
is a critical point of the function / : C"" C. The proof is similar to that 
of Theorem 1191 as we will see below. Using Proposition [HI we can find a real 
analytic family X{t) in 5^ C C such that 

(3) Wiz{t),z{t)) = X{t)df{zit),z{t)). 

Put I = {j \ Zj{t) ^ 0}. We may assume that / = {!,..., m} and we consider 
As /(z(t),z(t)) = /^(z(t),z(t)) ^ 0, we see that 7^ 0. Consider the 
Taylor expansions of z(t) and A(t): 

Zj(t) = bi t""^ + (higher terms), ftj 7^ i = 1, . . . , m 
\{t) = Ao + Ai t + (higher terms), Ao G 5"^ C C. 

Let A = (ai, . . . , am), b = (61, ... , hm) and we consider the face function 
of /^(z, z). Then we have 

|^(z(t),z(t)) = M(b)t'^-«. + (higher terms), 
^(z(t),z(t)) = |^(b) + (higher terms), d = d{A; /). 
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Observe that we have the following equality for any j by the equality ([3]) : 



ordt (z(t), z(t)) = ordt -^«t), z{t)). 

Thus by ([3]), we get the equality: dfj(b,b) = Xq df {{h,h) and b G C*". 
This implies that b is a critical point of : C*^ — > C, which is a contradic- 
tion to the strong non-degeneracy of /^(z,z). □ 



5.1. Milnor fibration, the second description. Put 

DiSoT = {r? e C I < |r?| < 5o}, Sl = dDiSo)* = {r? € C | |r?| = ,5o} 
E{r, 60)* = r\Di6or) n Bf.\ dE{r, 60)* = fHsD n B^^. 

By Lemma [28] and the theorem of Ehresman ( [24] ) , we obtain the following 
description of the Milnor fibration of the second type (^Sj). 

Theorem 29. (The second description of the Milnor fibration) Assume 
that /(z,z) is a convenient, strongly non- degenerate mixed function. Take 
positive numbers ro,ri and 5q such that r < tq and 6q <^ ri as in Lemma 
M Then f : E{r,5o)* D{do)* and f : dE{r,6o)* are locally 

trivial fibrations and the topological isomorphism class does not depend on 
the choice of 5q and r. 

5.2. Milnor fibration, the first description. We consider now the orig- 
inal Milnor fibration on the sphere, which is defined as follows: 

V : S^-i \Kr^S\ z ^ <^(z) = /(z,z)/|/(z,z)| 

where Kr = V r\ S"^""^. The fibrations of this type for mixed functions and 
related topics have been studied by many authors ([201 (ZD [5] [22l [191 [3])- 
But most of the works treat rather special classes of functions. The mapping 
if can be identified with (/^(z) = — 5R(i log /(z)), taking the argument as a 
local coordinate of the circle 5^. We use the basis ^ I J = 1, • • • , 

of the tangent space TzC" ® C. For a mixed function g{z,z), we use two 
complex "gradient vectors" defined by 
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Take a smooth path z(t), — 1 < t < 1 with z(0) = w E C" \ F and put 
V = ^(0) G TwC". Then we have 

log/(z(t),z(t))),^o 

= 5R(v, i dlog /(w, w)) + K(v, zdlog/(w, w)) 
= 5R(v, i dlog /(w, w)) + 5R(v, — i d log /(w, w)) 
= 3f?(v, i (d!^ - d log /) (w, w)). 

Namely we have 

(4) - ^ m log/(z(t),z(t))),^o = 3f?(v,i (db^- Jlog/)(w, w)). 
Thus by the same argument as in Milnor ^2], we get 

Lemma 30. A point z € Sj.^~^ \ Kr is a critical point of if if and only 
if the two complex vectors i (dlog /(z, z) — dlog/(z,z)) and z are linearly 
dependent over M. 

The key assertion is the following. 

Lemma 31. Assume that /(z,z) is a strongly non- degenerate mixed func- 
tion. Then there exists a positive number tq such that the two complex vec- 
tors i(dlog/(z,z) — dlog/(z,z)) and z £ Sr\ Kr are linearly independent 
over M for any r with < r < rg . 

Proof. We do not assume the convenience of /(z,z) for this lemma. We 
proceed as the proof of Lemma 4.3 [12]. Assuming the contrary, we can find 
an analytic path z(t), < t < 1 such that 

(a) z( 0) = O and z{t) G C" \ F for t > 0. 

(b) i (d log / - d log /) (z(t ) , z (t) ) = X{t)z{t) for some X{t) such that A(t) 
is a real number. 

As dlog/ — dlog/ does not vanish outside of /^^(O) near the origin by 
Lemma [28] and Proposition [8l we see that A(t) ^ 0. Consider the subset 
/ = {j\zj{t) ^ 0} C {l,...,n}. For simplicity, we may assume that I = 
{1, . . . , m}. Consider the Taylor expansions: 



Zj{t) = aj t^^ + (higher terms), aj / 0, pj > 0, j G /. 
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Put P = . . . ,Pm)) a = (ffli, • • • ) CLm) £ C*^ and d = d{P] f^). Then we 
consider the expansions: 

/(z(t),z(t)) = f\z{t),z{t)) =at'^ + (higher terms), g > d, a / 
j^{z{t),z{t)) = ^(a,a)t°'"Pj + (higher terms), l<j<m 

3 3 
Qfl Qfl 

-^{z{t),z{t))) = ^(a,a) f^-P^ + (higher terms), l<j<m 

3 3 

X{t) = Xot' + (higher terms), Aq G M*. 
The assumption (b) impUes that for I < j < m, 



■ (dfp^ dfhi -w \ jo d-pj-q<s+pj 

% — -^(a, a)/a 7-r-(a, aj/o; = < 

\ azj y I Aq aj , d — pj — q = s+pj. 

Define J C {1, . . . ,m} by J := {j \ d — pj — q = s+pj}. Assume that J 
Then we have the equahty 



dfp{^,a) = - X df{a,a), j < 



m 



a 



which imphes fp : C*^ C has a critical point at z = a by Proposition [8l 
This is a contradiction to the strong non-degeneracy. Thus we have shown 
that J 7^ 0. We consider the differentiah 



1 ^ 



= qaf^ ^ + (higher terms). 
The two terms of the right side of the first row can be written as follows. 

^,4f^(z(t),z(t))) = (Pa,dfJ(a,a)) f"-' + (higher terms), 
^,IF(z(t),z(t)) = (Pa,I7J(a,a)) f"-' + (higher terms) 

where Pa = (pioi, . . . ,Pmam) and Pa = (pioi, . . . ,Pmdm)- Thus we get 
qa + (higher terms) = 



(Pa, dfj,{a, a)) + (Pa, d/p(a, a)) ) T"^ + (higher terms). 
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Observe that 



a \ a 



a a 



as J 7^ 0. Thus we see that 

(Pa, 4f?(a,a)) + (Pa, I/J(a,a)) = 



/ . d/^(a,a) ^ , . (i7^(Pa,a) ^\ 

(Pa, z — ^-^ ) + (Pa, « — ^-^ ) 7^ 0. 

\ a a I 



This imphes that q = d (namely /p(a, a) 7^ 0) and 



ga = (Pa, d/|,(a,a)) + (Pa, (i/^(a,a)), or 

Taking the real part of the last equality, we get an obvious contradiction: 
= Ao |a,f Pi) = XI ^0 \''j\^Pj ^ 0- 

□ 

Observation 32. Let w € f^^if]), 1] ^ he a smooth point. Then the tan- 
gent space T-wf~^{r]) is the real subspace o/C" whose vectors are orthogonal 
in R^" to the two vectors 



z (d log / - d log /) (w, w) , (d log / + d log /) (w, w) . 

Proof. Assume that z(t), — e < t < e is a smooth curve in f~^{ri) with 
z(0) = w and V(w) = v G Twf~^{ri). The assertion follows from the next 
calculation. 

d , „, , ^ / 3?l0g f(z(t), Z(t)) , d , „/ . s . 

-log /(z(t), z{t)) = M1^2^A21\^^^ _ _ (SR(, log/(z(t),z(t))),^o 

= 3fi(v, (dbi7 + Jlog /)(w, w)) + 3ft(v, i (dbi7 - Jlog /)(w, w)). 

□ 



Now we are ready to prove the existence of the Milnor fibration of the 
first description. 
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Theorem 33. (Milnor fibration, the first description) Let /(z, z) be a strongly 
non- degenerate convenient mixed function. There exists a positive number 
ro such that 

'f = fl\f\:Sl^-^\Kr^S^ 
is a locally trivial fibration for any r with < r < tq. 

Proof. Taking ro, ri, 6o sufficiently small so that f^^{r]) and S^"''^ intersect 
transversely for any r/ G C* with \r]\ < 6o and ri < r < tq hy Lemma [28l 
Combining with Observation [32} the transversality implies that the three 
vectors 

z, i(dlog/ - (ilog/)(z,z), (dlog/ + (ilog/)(z,z) 

are linearly independent over R on {z G S'r | < |/(z,z)| < 5o}. Therefore 
we can construct a horizontal vector field V for ip on S^""^ \ Kr so that 

(1) 5R(V(z), iidlogf - (ilog/)(z,z)) = 1 and K(V(z),z) = for any 
z S Sj.^^^ — Kr, and moreover 

(2) 3f?(V(z), (dlog/ + dlog/)(z,z)) = OfoTzeSr with |0 < |/(z,z)| < 
So. 

We show that the integral curve of V does not approach to Kr. In fact, 
assume that z(t), —e < i < e be an integral curve with z(0) = w, V(w) = v. 
As we have seen in Observation 1321 

(5) ^log|/(z(t), z(i))| =5R(v, (db^ + Jlog/)(w,w)). 

Therefore the condition (2) guarantees that V(z) is tangent to the level real 
hypersurface of real codimension 1, \f\z ■= {w G C"||/(w)| = |/(z)|}. 
Thus it is obvious that V is integrable for any finite time interval and we 
get the local triviality by the integration of V. □ 

5.3. Equivalence of two Milnor fibrations. Take positive numbers r, 6o 
with 6q <^ r as in Theorem [29l We compare the two fibrations 

/ : dE{r, 6o) - ^ : ^^-i \ Kr ^ 

and we will show that they are isomorphic. However the proof is much more 
complicated compared with the case of holomorphic functions. The reason 
is that we have to take care of the two vectors 



i{dlogf - dlogf), dlogf + dlogf 

which are not perpendicular. (In the holomorphic case, the proof is easy as 
the two vectors reduce to the perpendicular vectors i dlogf, dlogf.) Con- 
sider a smooth curve z(t), —1 < t < 1, with z(0) = w G B^"' \ V and 
V = ^^§^(0). Put V = {vi, . . . , Vn). First from and ([5]), we observe that 

log/(z(t), z(t)) dlogf^ , _ 51og/, 

— \t=0 



dt 



f dlogf _ dlogf _ \ 



5R(v, (d log / + d log /) (w, w) ) + i 3f? ( V, i (d log / - d log /) (w, w) ) . 
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Define two vectors on C" — V: 

vi(z,z) = (ilog/(z,z) + (ilog/(z,z) 
V2(z,z) = i(dlog/(z,z) -dlog/(z,z)) 

The above equality is translated as 

The following will play the key role for the equivalence of two fibrations: 

Lemma 34. Under the same assumption as in Theorem \33l there exists a 
positive number tq so that for any z with \\z\\ < rg and /(z, z) ^ 0, the three 
vectors 

Z, Vl(z,z), V2(Z,Z) 

are either (i) linearly independent over M or (ii) they are linearly dependent 
over M and the relation can he written as 

(7) z = a vi(z, z) + 6 V2(z, z), a, 6 G M. 

and the coefficient a is positive. 

Proof. First observe that the pairs 

Vl = {Vl(z,z), V2(Z,Z)} , ^2 = {Z, V2(Z,Z)} 

are respectively linearly independent over M by Lemma [28} Lemma [3T] and 
the above equality. Assume that the assertion does not hold. Consider the 
real analytic variety W where the three vectors are linearly dependent over 
M. Let us consider the open set U = C'^\V. Then WCiU has a finite number 
of connected components. The sign of the coefficient a in ([7]) is constant on 
each component, as long as they are near enough to the origin. This is the 
result of the linear independence of z, V2(z,z). We will show that this sign 
is positive. We use the Curve Selection Lemma ([111 [7]) to find an analytic 
curve z{t), < t < 1, such that z(0) = O and z(i) ^ V for t ^ and there 
exist real valued functions \(t),^{t) so that 

z(t) = A(t) vi(z, z) + n{t) V2(z, z). 

Let I = {j \ Zj{t) ^ 0}. We may assume that I = {1, . . . , m} and we do the 
argument in C^. We consider the Taylor expansions of z(i) and f {z{t) , z{t)) , 
and the Laurent expansions of X{t) and fi{t): 

Zj{t) = aj t^^ + (higher terms), aj GC*,pj£'N,l<j< m, 

/(z(t),z(t)) =at^ + (higher terms), a G C*, £ G N 

A(t) = Xot"^ + (higher terms), XqGR*, 

fj,{t) = fj-of^^ + (higher terms), £ ^2 G ^- 
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First we consider the equality: 

^.W =A(t)(|^// + |^//)(z(t),z(t)) 
(8) ' _ ' 

+ Kt) ^ (^// - |^//)(z(t), z(t)), i = 1, . . . , m. 

Put P = {pi, . . . ,Pm), a = (ai, . . . , am) and d = d{P, f^). Then we observe 
that 

|^(z(t),z(t))//(z(t),z(t)) = ( ^(a,a)/a ) t'^^^'^'-'^ + (higher terms), 




|^(z(t),z(t)))//(z(t),z(t)) = (^|^(a,a)/a) t'^-P^"^ + (higher terms) 

Thus comparing the equahty ([5]), we see that 

Pj > mm{i^i + d — pj — £, 1^2 + d — pj — £}. 

To avoid the repetition of the similar argument and to treat the cases f2 = 
ui, V2 < vi and U2 > vi simultaneously, we put = min(z^i,z/2) and we 
rewrite the expansions as X{t),fi{t) as 

A(t) =rot^« + --- , roGM 

^(t) = 17101"' ^ , mo e M. 

Here we have tq = or ro = Aq (respectively mo = or ijiq = ^o) according 
to 1^1 > uq or ui = uq (resp. 1^2 > vo or U2 = uq). By ([SD, we get 



^0 ^(a,a)/a + — ^(a,a)/a +imo — -^(a, a)/a - — ^(a, a)/a 

ydzj dzj J ydzj dzj j 

{aj Pj = d- Pj + vq- £ 
Pj > d- Pj + L 

More precisely we assert 

Assertion 35. Put Pmin = minjpj | z E /} and K = {i £ I \ pi = Pmin}- 
Then we have 



Proof. We examine the equality ([8]). The order of ||z(t)|| is Pmin- On the 
other hand, the order of j-th component of the right side of dH]) is greater 
than or equal to d — pj + — £ and the coefficient of f^-Pj+'^o-i given 
by the left side of ([9|). If there is an index j ^ K such that this coefficient 
is non-zero, then the order of the right side of ([8]) is strictly smaller than 
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d — Pmin + ^0 — ^ and the limit of the normahzed vector of the right side has 
coefficient on any j £ K and we have the contradiction to ([8]). □ 

Thus we have proved ([9]). Now we examine the next equahty more care- 
fuhy: 

df{z{t),z{t)) 
dt 

(10) _^/ a/(z(t),z(t))fc,(t) ^ df{z{t),m)d-z,{t) 

^ V Q^i dt dzj dt 

The left hand side is simply 

df{z{t),z{t)) 



dt 

We introduce the complex vectors: 

I V = {Vi,. . . ,Vm), ,Vj = ^ fj, 
) W = (Wl,. . . ,W,n), Wj = ^ f-j 



alt + (higher terms) . 



OZj ■' OZj 



where fj = — -^(a,a), /■ = — ^(a,a), I < j < m. 



The order of the right hand side of (jlOp is greater than or equal to d — 1. 
Let R be the coefficient of f^^^ of the right side. By an easy calculation, we 
have 

m m 

i=i i=i 



a a I \ a a 



= a(l|v|| + ||w|| )\^ + + 2a(w, v) — ^ 

Consider two complex numbers: 

a /||-||2 2-,[ ^0 , ■^o\ -^f^O .mo 

P := ( V + w ri2 +^712 ' 7 := 2(w,v) — - i — 
Using the Schwartz inequality, we see that 
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and by comparing with |/3|, we get 

I/?|-I7l> ^^°{r°' l(l|v||-I|w||)^>0- 

For the equahty = I7I, it is necessary that ||v|| = ||w|| and |(w,v)| = 
||v|| X ||w||, or 

w = itv, 3u G C C. 

Note that this is equivalent to (/j, . . . , fm) = u{fi, . . . , fm) which imphes 
d/(a, a) = u d/(a, a). This is a contradiction to the non-degeneracy assump- 
tion for /^(z, z). Thus we conclude that \(3\ > I7I and i? / 0. 
Now the equality ([TO]) says, i — 1 = d — 1 and 

£a = a/3 + a 7, or 

. /ii-ii2 2n f ^0 , ■ \ , -\ f ^0 .mo 

We now assert that Aq > 0. Assume Aq < 0. Then < and to get the 
equality ^ = /3 + 7, we must have I7I > |/3|. This is impossible as we have 
seen that |/?| > |7|. See Figure [2 □ 



/3 7 



O 



Figure 2. If Aq < 0, < I7I 

Now we are ready to prove the isomorphism theorem: 

Theorem 36. Under the same assumption as in Theorem \33l the two fi- 
brations 

f : dEir, 60) ^ Si, ^ : S^"-! \Kr^S' 
are topologically isomorphic. 

Proof. The proof is done as in the case of Milnor fibrations of a holomorphic 
function ([IS])- We will construct a vector field V on 

E^{r, 60) := Br \ Int(E(r, 60)) = {z G B, | |f(z, z)| > So} 
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SO that 



K(V(Z),V2(Z,Z)) = 0, 

3f?(V(z),vi(z,z)) >0, 
3?(V(z),z) > 0. 



(11) 



< 



Assume for a moment that we have constructed such a vector field. Along 
the integral curve h{t, w) of V with h{0, w) = w, the argument of 
f{h{t,'w),h(t,'w)) is constant and the absolute value |/(/i(i,w))| and the 
norm w)|| are monotone increasing. The integral curve is well-defined 
as long as h{t,w) is inside E'^{r,5o). For each w G E'^{r,6o), there exists a 
unique t(w) such that ||/i(r(w))|| = r. Thus this gives a topological isomor- 
phism ijj : dE{r, 6o) — > 5^""^ \ Nr which is defined by 'ip{'w) = /i(r(w), w) 



where A^^ = S^.'''^ n {z | |/(z)| < Sq}. As A^^ ^ D{6o)* x Kr with L>(5o)* = 
{77 G C|0 < jr^l < 6}, the restriction 99 : S^''^~^ \ Nr ^ is isomorphic to 
the Milnor fibration 99 : S^""! \ /C^ ^ 5^ 

For the construction of V, we use Lemma [Ml Take a point w G £''^(r, (^o)- 
If the three vectors vi(w, w), V2(w, w), w are linearly independent over M, 
it is also linearly independent over a small open neighborhood [/(w). It is 
easy to construct locally V on U (w) , satisfying the above property (fTTj) . If 
the three vectors are linearly dependent over M, consider the expression: 



with a > 0, we construct V on a neighborhood [/(w) of w so that 

3?(V(z),V2(z,z)) = 0, 5R(V(z),vi(z,z)) > 0. 

on C/(w). Note that 

3f?(w,V(w)) = a3f?(vi(w,w),V(w)) > 

If [/(w) is sufficiently small, this inequality holds on [/(w). Consider the 
open covering U = {U (w) | w G E'^{r, Sq)}. Taking a locally finite refinement 
W of this covering, we glue together vector fields constructed locally on each 
open set in U' using a partition of unity as usual. □ 

5.4. Polar weighted homogeneous polynomial and its Milnor fi- 
bration. Consider a mixed polynomial /(z,z) which is a radially weighted 
homogeneous polynomial of type ((71, . . . , g„; dr) and a polar weighted ho- 
mogeneous polynomial of type {pi, . . . ,pn;dp). Put V = /~^(0) as before. 
Then / : C" \ F ^ C* is a locally trivial fibration [ITj. We call it the global 
fibration. On the other hand, the Milnor fibration of the first type: 



dE{r,6o) 
\IntNr 



/ 




1/60 



w = a vi(w, w) -|- & V2(w, w), a, 6 G M, 



ip:=f/\f\:Sr\Kr^S\ Kr = THo) n Sr 
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always exists for any r > and the isomorphism class does not depend on 
the choice of r. This can be shown easily, using the polar action. We simply 
use the polar action to show the local triviality: 

^ : ip~^{e) X {e-TT,e + Tr) ^ ^'^{{0 -t^,0 + tt)) 

V'(z, e + rj) ■- {zi ex.p{ipirj/dp), ...,Zn ex.p{i pnij / dp)) 

Now wc have the following assertion which is a generalization of the same 
assertion for weighted homogeneous polynomials. 

Theorem 37. Let /(z,z) be a polar weighted polynomial as above. We 
assume that the radial weight vector . . . is strictly positive. Then 
the two fibrations 



-.2n-l 



-Kr 



f:r\Sl)^S], ip = f/\f\:S', 
are isomorphic for any r > and 5 > 0. 

Proof. First, observe that the isomorphism class of the global fibration 

f:f-\Sl)^S] 

does not depend on (5 > 0. This follows from the commutative diagram: 

f-\l) ^ f-\6) 



f 



/ , (l)s : {z,z)^ \fSo (z, z) 



where d = rdeg / and o denotes the R* action by the radial weights. Now 
the global fibration / : f~^{Sj) Sg is isomorphic to the second fibration 
(f : 5^"^"^ \ Kr as follows. For any z G f~^{Sj), consider the orbit of 

the radial action r i-^ roz = (r'^^zi, . . . , T'^"Zn), r > 0. There exists a unique 
positive real number r = r(z) so that ||t(z) o z|| = r by the strict positivity 
assumption of Q. Put ^ : f~^{Sj) S'^"^^ \ Kr by ■i/;(z) = t(z) o z and 
^ : Ss ^ Si hy ^{rj) = r]/ 6. Then we have a canonical commutative diagram 
which gives an isomorphism of two fibrations. 



SI 



2n-: 



\Kr 



□ 



The following is an important criterion for the connectivity of the Milnor 
fiber of a polar weighted mixed polynomial. 

Proposition 38. Let /(z,z) be a polar weighted mixed polynomial of n 
variables z = {zi,. . . ,Zn). We assume that /~^(0) has at least one mixed 
smooth point. Then the fiber F := C is connected. 
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Proof. Put V = /^HO)- Take two points P,Q e F. ConnectP, Q by a path 
£ in C" \ V. Then /jj(^) is a closed path in C* based at 1 G C* and let s be 
the rotation number of f^j,{i) around the origin. Take a smooth point RinV 
and take a small lasso lo around V in the normal plane at R. Connect a; to P 
in C" \ y to get a closed path u' at P. The image of to' by / is a closed loop 
with the rotation number 1 around the origin. Take a new path i' = lo'^^ ol. 
Then the image of i' has rotation number around the origin and thus it is 
homotopic to the constant loop at 1 G C* by a homotopy /cf : / o a;' ~ ci, 
where ci is the constant path at 1. Now lift this homotopy by the radial 
and the polar actions to get a path ki from P to Q. Obviously f o ki is the 
constant path ci. Thus ki is a path in the fiber F which connects P and Q. 
(For a holomorphic case, this assertion follows from the Kato-Matsumoto 
theorem, [9]). □ 

6. Curves defined by mixed functions 
In this section, we focus our study to mixed plane curves (n = 2). 

6.1. Holomorphic plane curves. Assume that C is a germ of a com- 
plex analytic curve defined by a convenient non-degenerate holomorphic 
function f{zi,Z2) and let Aj, j = 1,... ,r be the 1-dimensional faces and 
Mo, Ml, ... , Mr-i,Mr be the vertices of r(/) such that Aj = Mj^iMj and 
MQ,Mr are on the coordinate axes. Then each face function f/^. can be 
factorized as 

/a, {zi,Z2) = Cj z\' z^' Wi^i + Oij^i zl'), gcd(pj, qj) = 1 

i=l 

where . . • , oij^y. are mutually distinct. Then any toric modification with 
respect to a regular simplicial cone subdivision S* of the dual Newton di- 
agram r*(/) gives a good resolution of / : (C^O) (C,0). Let Pj be 
the weight vector of the face Aj. Each vertex P of S* gives an exceptional 
divisor E[P) and the strict transform C intersects with E[P) if and only if 
P = Pj for some j = 1, . . . ,r. In the case P = Pj, E{Pj) n C is Vj point 
which corresponds to irreducible components associated with /a^ . The ver- 
tices Mi,...,Mj._i do not contribute to the irreducible components. The 
number of irreducible components of (C, O) is given by X^[=i fj- Note that 
1 + X][=i Vi is the number of integral points on r(/) ([IS]). The situation 
for mixed polynomials is more complicated as we will see later. 

6.2. Mixed curves. Now we consider curves defined by a mixed function 
with the same Newton boundary as in the previous subsection. Let /(z, z) be 
a non-degenerate convenient mixed function with two variables z = (2:1,2:2) 
and let C = /-^O). Let 

{Y = TZX, uj = or VX and w = LjOp) be the resolution map, described in 
TheoremlMland Theorem[25l Let E{P) = uj-'^{E{P)) for a vertex P of S*. 
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6.2.1. Simple vertices. A vertex M = (a, 6) G r(/) is called simple if /m 
contains only a single monomial z^^ zl^ ^i^ ^2 such that o = ai + 02, & = 
h\ +62- Otherwise we say M is a multiple vertex of r(/). 

Example 39. Let /(z,z) = z\^tz\zx^ z\. Then r(/) has one face with 
edge vertices M\ = (3,0) and M2 = (0,2). f(z,z) is a radially weighted 
homogeneous polynomial of type (2, 3; 6). The vertex Mi is a multiple vertex 
as /mi(z,z) = zf + tzlzi. 

Lemma 40. Suppose M = (n, 0) and let /a/(-Zi, 21) = X^"=o 2^1^" "'. Con- 
sider the factorization /Af(-zi,^i) = c nj'=i(-^i ~ '^j ^i)- ^/^en V* := {zi G 
C* I /Af (-^i, ^1) = 0} is empty if and only if \aj\ 7^ 1 for any j = 1, . . . ,n. 

Proof Let V* := {zi G C* | zi = ajzi}. Then V* = U"=i V^*- It is easy to 
see that V^* is not empty if and only if |aj| = 1. □ 

Note that fiviizi, zi) is non-degenerate if and only if V* = 0. For an inside 
vertex Mj (namely, Mj is not on the axis), the criterion for non-degeneracy 
of the function /a/^. (z, z) is not so simple. 

Example 41. Consider 

C := {z G I /Af(z, z) =t Z1Z2 + Z\Z2 + Z\Z2]. 

We assert that 

Assertion 42. /jv;/(0) C C*^ is non-empty if and only if \t\ < 2. /a/ is 
non- degenerate if and only i/ |t|>2 or 0<|t|<2. 

Proof. Put 

zi = pi ex.p{6 i) , Z2 = /92 exp(r7 i), t = ^exp(ai). 
Then we see that C is radially homogeneous and it is defined by 

C : 2 cos(-0 + 7?) +ee*("+^+'') = 0. 
For the existence of non-trivial solutions, we need to have: 



a + 9 + T] = mi:, 3m G 
2cos(-0 + r/) +e(-l)™ 
(13) or ^ = 0, cos{-9 + r]) = 



(12) C = \t\<2, 



Assume that t ^ 0, \t\ < 2. The equation (|12p has 8 solutions with < 
6,r] < 2tt for < 2 and 4 solutions for ^ = 2 or 0. We can show that 
V = f^l{0) is non-singular for 7^ ^ < 2, using Proposition [51 In fact, 
assume that df{z) = \df{z) with |A| = 1. Then we have 

tZ2 + Z2 = XZ2, tZi + Zi = Xzi, tZiZ2 + {ziZ2 + Z1Z2) = 

This implies that = ±1 and |t| = or \t\ = 2. □ 



40 



M. OKA 



6.2.2. Link components. Let /(z, z) be a mixed function with two variables 
z = {zi,Z2) and let C = f~^{0). The link components at the origin are the 
components of 5*1 H C for a sufficiently small e. We are interested in finding 
out how to compute the number of the link components of C at the origin. 
Let us denote this number by lkn(C, O) and we call lkn(C, O) the link com- 
ponent number. Let us denote the number of components which are not the 
coordinate axes zi = or Z2 = by lkn*(C, 0). In the case of / being a 
holomorphic function, lkn(C, O) is equal to the number of irreducible com- 
ponents of (C, O), which is a combinatorial invariant, provided / is Newton 
non-degenerate, as we have seen in the previous section ^6.11 However for a 
generic mixed function, lkn(C, O) might be strictly greater than the number 
of irreducible components (see Example [27] for example) . 

Theorem 43. Assume that /(z,z) is a convenient non- degenerate mixed 
polynomial of two variables z = (21,^2) cind let C = /~^(0). Let T be the 
set of 1- faces ofT{f). Assume that the vertices ofT{f) are simple. Then 
the number of the link components lkn(C, O) is given be the formula: 

lkn(C,0)= j;ikn*(/^i(0),O). 

Proof. Let $ : TZX be the resolution of / by the composite of a toric 

modification vr : X — > and the normal real blowing-up uj : TZX — >■ X. 
The simplicity of the vertices implies that (^^^{E{P)) n C = for any P 
for which A(P) a vertex of r(/). Thus by Theorem [Ml it is immediate 
that there is one link component of (C, O) for every connected component 
of E{P) = <^-^{E{P)) n C with A(P) G JT. The assertion follows from this 
observation. □ 
Now our interest is finding out how we can compute lkn*(/^^(0), O). In 
general, it is not so easy to compute this number but there is a class for 
which the link number is easily computed. 

6.2.3. Good Newton polar boundary. Suppose that /(z,z) is a mixed func- 
tion of two variables and let A be a face of the Newton boundary. Sup- 
pose that /a(z,z) is also a polar weighted homogeneous polynomial. Let 
Q = *((7i,(72) and P = *(pi,P2) be the radial and the polar weight vectors 
and dr,dp be the respective degree. In general, the mixed face A{Q) is 
two-dimensional as the possible monomial z^^ z'2' z^^ satisfies two linear 
equations 

(l^l + ^1)^1 + {U2 + ^2)92 = dr, {Ui - fli)pi + {U2 - H2)P2 = dp. 

We say that /a(z,z) is a good polar weighted polynomial if dim A = 1 and 
/a(z, z) factors as 

k 

(14) /a(z, z) = cz"^ z" n(^2 ^2 - A, zi' zir^ 
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with a ^ a\ b ^ b' and gcd(a, a', 6') = 1. Note that in this case, pi{b — 
b') = p2{cL — a') and non-zero. We say that /(z,z) has a good Newton 
polar boundary if for every face A of r(/), /a(z, z) is a good polar weighted 
polynomial. 

Lemma 44. Assume that /a(z,z) is a good polar weighted polynomial and 
assume that a factorization o//a(z,z) is given as (T^. Then /a(z,z) is 
non- degenerate if and only if = • • • = /U^ = 1. 

Proof. Assume that /Xj > 2 for some j. Then it is easy to see that df{z,z) = 
d/(z,z) = on z^Zi — Ajzfzf' = 0. Thus it is degenerate. Assume that 
fij = 1 for any j. As /a is polar weighted, we only need to show that 
f^^{0) n C*^ is mixed non-singular. Take a point w G f^^{0) D C*^ such 
that W2'W2 — XiWiWi = for example. Then we have 

k 

ci/(w,w) = cw'-w'^ n^^a-fi^s' - XjWi''w^^) x (^-b Xiw'l-^iv'( ,aw^-^w^'^ 
i=2 

k 

d/(w,w) = cw'^w'^ Y[{w^w^' - XjWi''tv'() X (^-b' Xiw\w'(-\a'w^w^'-^^ 
i=2 

Suppose that (i/(w, w) = udf{'w,w) for some u with |n| = 1. This implies 
that b = b', a = a' . This does not happen as we have assumed that a ^ 
a', b^b'. □ 

Example 45. Let /(z,z) = zf + ziZ2{zf — z^) + z^. Then r(/) has three 
1-faces and the corresponding face functions are 

zlzi{z\z^^ + Z2), ZlZ2{zl - Z2), Z2Z\{-Z\ + Z2^z\). 

Thus / has a good Newton polar boundary. 

6.2.4. Good binomial polar weighted polynomial. A polynomial f{z,z) = 
Z2Z2 — Xz\z\ with a^a',b^b',X^Q and gcd(a, a', 6, 6') = 1 is called 
an irreducible binomial polar weighted homogeneous polynomial. It is irre- 
ducible as a mixed polynomial. By Lemma [44l this is a basic polar weighted 
polynomial for our purpose. Put ci = 6 — 6' and C2 = a — a! . Then the 
associated Laurent polynomial in the sense of [17| is 

5(^1,^2) = - Azf . 

Let C = {/ = 0} and C = {g = 0}. Note that ci,C2 7^ by the polar 
weightedness. 

Lemma 46. We have the equality: 

lkn*(C,0) = gcd(ci,C2) =tt(C') 
where tJ(C") is the number if irreducible components of C . 
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Proof. It is easy to see that the number of irreducible components of C in 
C*^ is gcd(ci, C2). We know that C H C*^ and C n C*^ are homeomorphic 
by the same argument as in [17]. We will show that lkn*(C, 0) = gcd(ci, C2) 
without using this isomorphism. We consider components of C in C*^. For 
this purpose, we use the polar modification. So we put zi = ri exp(0i i) 
and Z2 = T2 exp(02 i)- Considering the conjugation diffeomorphism, we may 
assume that ci, C2 > 0. For brevity we put ri = s^' and A = p^'^ exp(r/f) for 
some si, p > 0. Thus 

/(z, z) = r^^ exp(c2 621) - X exp(ci 9i i) 

= exp(c2 92 i) - P^^s^'f^ exp((ci Oi + 7?) i) 

Thus we have r2 = ps'^ and 

exp(c2 02 i) - exp((ci^i +T])i) = 0. 

Put Co = gcd(ci, C2) and write q = cq for i = 1, 2. The above equation is 
solved as follows. 

f2 = sJV) C2 02 = ci^i + rj modulo 2-k. 

The last equality can be solved so that the component Cj of C is given as 

Cj := {{sl'peM0ii),sl'''exp{92i))\e2 = MOi), < 9i < 2^^} 

where (pki^i) '■= c'i6i/c2 — t]/c2 + 2k-K/c2 for /c = 0, 1, . . . , C2 — 1. For k > cq, 
write k = cq/ci + fco) < /cq < cq. Then (pki^i) = 4>ko{0i + 2A;i7r) and 
Cfc = Cfcg as we have 

Ck = {(ri exp(0i i),r2 exp(0fc(0i) | < ^1 < 247r} 

= {(ri exp(6li i), r2 exp((/)fc(6'i) i)) | 2kiTT < 61 < id^-K + 2A;i7r} 

= {(riexp((6li + 2A;ovr)i),r2exp((/>fc„((9i + 2fco7r)i) |0 < 6I2 < 2c27r} 

= Cfco- 

Thus we get lkn*(C, O) = cq. □ 

Corollary 47. Let /a(z,z) 6e a gooc? 'polar weighted 'polynomial which is 
factored as 

k 

/a(z, z) = cz-z^^ lliz^z^' - Xj z,'z1') 
i=i 

with gcd{a,a' ,b,b') = 1, a / a', 6 / 6' as in Lemma\44\ and let C = /^""^(O). 
Then lkn*(C) = fcgcd(a - a' ,h - h'). 

6.2.5. Newton pseudo conjugate weighted homogeneous function. Assume 
that f{z,z) is a non-degenerate Newton pseudo conjugate weighted homo- 
geneous function. Then for any face A, we can write 

/a(z,z) = M/i(z,z) 
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where M is a mixed monomial and his a J-conjugate weighted homogeneous 
polynomial for some J C {1,2}. Thus we can factorize h as 

k 

.Xz,z) = cn(^r-A,-^f), cj^O 
i=i 

with gcd{pi,p2) = 1. In this case, it is easy to see that 
Thus we obtain a similar formula: 

Proposition 48. Assume that /(z,z) is a non- degenerate convenient New- 
ton pseudo conjugate weighted homogeneous function. Then 

lkn(/~^(0)) + 1 = number of integral points on T{f). 

6.2.6. Example of a radially weighted homogeneous polynomial with a non- 
simple vertex. The link number for a radially weighted homogeneous poly- 
nomial with a non-simple vertex is more complicated, as is seen by the next 
example. Consider the radially weighted homogeneous polynomial 

/(z,z) = zf-\-czizl- zi 

and put C = /~^(0). Then r(/) consists of a single face with vertices 

(3, 0), (0, 3). It is easy to sec that / is non-dcgcnerate if and only if |c| ^ 1. 
The vertex (3,0) is not simple. For |c| < 1, wc have 

Z2 = ziuP (1 + c exp(-40z))^/2 , J = 0, 1, 2 

where uj = exp(27rz/3), zi = rexp(0z) and lkn(C, O) = 3. The function 

(1 + c exp(— 4 f))"^/^ is a well-defined single-valued function of c, zi with 
|c| < 1 so that it takes value 1 for c = 0. Considering the family /(z, z, t) = 
zf -\- ct zizf — Z2 for < t < 1, we see that this curve is topologically the 
same as + zf = 0- 

Assume that |c| > 1. Then (1 + cexp(— 40i))^/^ is not a single valued 
function as a function of < ^ < 27r. However we have a better expression. 
Put zi = rexp{9i) and c = sexp(?/z). 

i/s + exp(4^i)\^/^ 

Z2 = s^/^ru^ exp(i —3—^) ( 1 + \ ' j ,i = 1,2,3 

where < ^ < 27r. Note that /~^(0) \{0} is a 3-sheeted covering over {zi 7^ 
0} and three points over ^ = are cyclically permuted by the monodromy 
^ : 27r. Thus this expression shows that lkn(C, O) = 1. It is also easy 
to see that this knot is topologically the same with zijzip — = 0- Thus 
we observe that the topology of a mixed singularities is not a combinatorial 
invariant ofT{f). 
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7. MiLNOR FIBRATION FOR MIXED POLYNOMIALS WITH NON-ISOLATED 

SINGULARITIES 

We consider a true strongly non-degenerate mixed polynomial /(z,z) 
which is not necessarily convenient. Take a positive weight vector P = 
. . . ,pj) G which is not strictly positive and we put 

I{P) = {j\pj = 0}, J(P) = {j|p, /O}. 

We consider the face function /p(z,z) as a mixed polynomial in variables 
{zj\j G JiP)} and we consider the other variables {zi\i G I{P)} are fixed 
non-zero complex numbers. Thus it defines a family of mixed polynomial 
functions parameterized by z/(p) = (zj)ig/(p): 

zj(p) ^ /p(z,z)- 

Here 

C*-^(^)(wj(P)) = {z G C*" I z^(p) = w^(p) : fixed} ^ C*-^(^). 

Thus we are considering fp as a family of mixed polynomials in Zj(p) with 
coefficients in C{z7(p), z/(p)}. If d{P, f) = 0, then fp G C{z/(p), z/(p)}. 

Definition 49. We say that / is super strongly non- degenerate if the fol- 
lowing condition (SSND) is satisfied. 
(SSND): for any subset P e N+ , either 

(a) d{P,f) = i.e., fp G C{z/(p), z/(p)} or 

(b) d{P,f) > and fp : C*-^(^)(w7(p)) C* has no critical points for 
any wj(^p) G C*-^^^). 

The following is an immediate consequence of the definition. 

Proposition 50. (1) ///(z,z) is a convenient strongly non- degenerate 
mixed function, then /(z,z) is super strongly non-degenerate. 
(2) Assume that /(z, z) is super strongly non- degenerate and I G MV{f) . 
Then f^ is also super strongly non- degenerate. 

The assertion (2) can be proved in the exact same way as the proof of 
Proposition [71 □ 

The following key lemma is a mixed polynomial version of Lemma (2.1.4) 
of Hamm-Le ^ . 

Lemma 51. Assume that /(z,z) is a true super strongly non- degenerate 
mixed function and consider the mixed hypersurface V and its open subset 
VK Take a positive number ro so that H B^q is mixed non-singular and 
any sphere Sr intersects transversely with for any < r < tq. Then for 
any fixed < r < rg, there exists a sufficiently small positive number 5 such 
that for any rj £ C with < \r]\ < S, the fiber f~^{r]) n is smooth and 
any sphere Sg intersects transversely with f~^{rf) for any r < s < ro and rj 
with <\ri\ < 5. 
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Proof. Assume that the assertion is not true. Using the Curve Selection 
Lemma ([12^ [7]). we can find a real analytic curve z(t), < t < 1 such that 

r < Mt)\\ < ro, /(z(t),z(t)) ^ 0, z(0) G f-\0) 

and the fiber f~^{a{t)) and the sphere of radius ||z(t)|| is not transverse 
at z(t) where a{t) = /(z(t), z(t)). Recall that we have defined two special 
vectors: 



vi(z,z) = (ilog/(z,z) +(ilog/(z,z) 



V2(z,z) = i(dlog/(z,z) - dlog/(z,z)) 

Recall that the tangent space of the fiber Tzf~^{r]) is spanned by the vectors 
which are perpendicular to vi(z, z) and V2(z, z). Thus under the assumption 
there exist real-valued analytic functions A(t),/i(t) so that 

z{t) = X{t) vi(z, z)) + V2(Z, z)), 

as in the proof of Lemma [Ml Let I = {j \ Zj{t) ^ 0}. Then / G MV{f). 
We may assume that I = {l,...,m} and we do the same argument in 
as in the proof of Lemma [Ml We consider the Taylor expansions of 
z(i), /(z(t),z(t)) and the Laurent expansions of X{t) and fj,{t): 

Zj{t) = Oji^i + (higher terms), Oj £ C* , pj > 0, 1 < j < m, 

/(z(t),z(t)) =at^ + (higher terms), a G C*, £ G N 

X{t) = Xot"^ + (higher terms), Aq G M*, z^i G Z 

/i(i) = fJ-of^^ + (higher terms), /xq G M. 

Here we understand i/i = oo or z^2 = oo if A(t) = or fi{t) = respectively. 
We put vq = min{zvi,/xi} and we write for simplicity as follows. 

X{t) = Xot"" + (higher terms), Aq G M*, i/i G Z 
IJ,{t) = 'jj-ot'^° + (higher terms), mo G M 

Ao if = vq 
if z^i > fo ' 



where Ai 







/xo if 1^2 = Uq 
if 1^2 > ^0 



Note that uq < co and (Ao,/xo) 7^ (0,0) anyway. Consider the equality: 

' dzj ^ ^ ~^ dzj ' 



^At) =A(t)(^// + ^//)(z(t),z(t)) 



+ m i i^/f - |^//)(z(t), z(t)), J = 1, . . . , m. 

Put P = {p,,...,p^), I{P) = {j\pj = 0}, J{P) = {j\pj ^ 0}, R = 
(ai,...,am) and d = d{P,f^). Note that z(0) G C*-^^-^). Assume that 
I{P) G NV{f). Then z(0) G and it is a smooth point. Thus by the 
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assumption, the sphere 5*112(0)11 intersects transversely with V'^. Thus the 
same is true for 5'||2;(j)|| and f~^{a{t)) for any sufficiently small t which is a 
contradiction to the assumption. Thus we may assume that z(0) € y \ 
and therefore I{P) ^ MV{f') ( I{P) U / ^ AAV(/)). Then we observe 



that 



|^(z(t),z(t))//(z(t),z(t)) = |^M(a,a)/aj f'-'P^-' + (higher terms), 

|^(z(t),z(t)))//(z(t),z(t)) = (^M(a,a)/a) f^-^^-' + (higher terms) 
By Assertion 1351 we have 



pi a fi 



Ao + -^(a,a)/aj +/xoi |^-^(a, a)/a - -^(a, a)/Qj 

= 0, jGJ(P). 

This implies that aj(p) is a critical point of the mixed polynomial fp : 
C*"^(^)(a/(p)) C and /p(a, a) / with z/(p) = a/(p) fixed. This is a 
contradiction to the super strong non-degeneracy of □ 

7.1. Milnor fibration for non-isolated singularities. Now, by Lemma 
[5T] and Lemma [STj we have the following non- isolated version of the Milnor 
fibration. Note that ip = f /\f \ : S^^~^ \ Kr ^ is a fibration using a 
|/|-level preserving vector field near Kr by the transversality of f~^{ri) and 
Sr for ?7, ^ 6. 

Theorem 52. Assume that f{z, z) is a super strongly non- degenerate mixed 
function. Then there exists a stable radius tq > so that for any r with 
< r < ro and a sufficiently small number 5 (compared with r), we have 
two equivalent fibrations: 

f: dEir,6r^S} 

^ = f/\f\ : 5^-1 51 

where Kj. = /^^(O) H S*^""^. Moreover, if f is a polar weighted polynomial, 
the global fibration f : f~^{Sj) Sj is also equivalent to the above fibration. 

Example 53. L A monomial z^^^ z'^^ zl^^ z!^'^ is called an inside monomial 
if /^i + 1^1, /U2 + > 0. An inside monomial Zj*^ ^ is called polar 
admissible if ni / ui and fi2 / 1^2- Let g{z,z) be a strongly non-degenerate 
polar weighted mixed function of two variables z = (zi, 2:2) with two simple 
end vertices A, B of T{g). We assume that 

A = (mi,ni), B = (m2,n2), nii < m2, ni > n2 

u' v' u! v' 

which come from the mixed monomials z^^z^z^zf^ and z^"" z-^ Z2^ Z2 ■ Here 

mi = fXi + Ui, m = /i2 + 1^2, "2-2 = Ai'l + I'l, "2 = IJ'2 + ^2- 
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Consider P = *(1,0) for example. Then gp{z,z) = cz^z'^ with some non- 
zero constant c. Assume that mi > 0. To check if gp : C* ^ C* has a 
critical point or not as a function of zi variable, we can use loggfp instead 
oi gp. Now we have 

4i log5'p(z,z) = dz^\oggp{z,z) = 

Z\ Z\ 

If Zl G C* is a critical point of gp for some fixed Z2 £ C*, we must have 
u £ such that = u^. This is only possible if vi = fJ-i- By a similar 
discussion for Q = *(0, 1), we have shown the following. 

Lemma 54. Assume that g{z, z) is a non- degenerate polar weighted mixed 

polynomial whose two end monomials are Zi'^z^^zi^'^z^^ and z^^z^z^^z^ 
with fii + vi < ^2 + ^2- Then g{z,z) is super strongly non- degenerate if 
and only if the following conditions are satisfied. 

(1) Either fii = i^i = or z'^^ z^^ Z2^ is polar admissible. 

(2) Either /ig = 1^2 = or z'^^ z^^ z^"^ zi^ is polar admissible. 

II. Let /(z, z) = z^^z!^^ + Zg^Zg^ H h z^^z^" be a simphcial polar weighted 

homogeneous mixed polynomial. We assume that Oj > bj-i > 1 for j = 

1. . . . , n with bo = bn- We assert that / is super strongly non- degenerate. 

Proof Consider fj, for some / G MV{f) and P £ N+ and let /(P), J{P) 
be as in the proof of Lemma [5TJ We assume that d{P, f) > 0. Suppose that 
z^i^' is in fp- Then {1, 2}n J(P) / 0. Assume that 2 G J{P) for example. 
Then 7^ 0. If fp has a critical point as a mapping fp : C*"^^^^ ^ C*, we 

df^ h T 

need a non-zero by Proposition 7, which implies -22^ must be in fp. 
As 02 > bi by the assumption and piUi +^2^1 = ^2^2 +P3^2) this implies 
that 1 G </(-P) i-e., pi 7^ 0. This implies again that 7^ and therefore 
must be in fp. By the same reasoning, ai > 6„ implies that pn > 
and n G J{P). Then we consider and we see that n — 1 G J{P) and 

z'^TizT'' is in fp. Continuing the same discussion, we conclude fp = f 
i.e., I = {1, . . . , n}. However, /(z, z) is polar weighted and it has no critical 
point over C*. Thus / is super strongly non-degenerate. □ 

8. Resolution of a polar type and the zeta function 

In this section, we will study the relation between a resolution of a polar 
type and the Milnor fibration of the second type. We expect a similar 
formula like the formula of A'Campo ([IJ) or the formula of Varchenko [23j. 
We will restrict ourselves to the case of mixed curves. 

8.1. Polar weighted case. Let /(z, z) be a mixed polynomial of n variables 
Zl, . . . ,Zn and let (gi, . . . , dr) and (pi, . . . ,Pn', dp) be the radial and polar 
weight types. We assume that dp > 0. Then / : C™ - f-\0) ^ C* is a 
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fibration. Put F* = f ^(s) Pi C*" for s G C*. Then the monodromy map 
h : F* ^ F* is given by the polar action as 

h{zi,. ..^Zn) = {ziuj^^,. . . ,z„a;P"), to = exp(— ) 

dp 

Put F* = F^ and let x{F*) be the Euler characteristic of F* . Then the 
monodromy has the period dp and the set of the fixed points of : F* ^ F* 
is empty if j ^ modulo dp, where W = ho ■ ■ ■ oh (j-times). Thus using the 
formula of the zeta function for a periodic mapping (|12j), we get 

Lemma 55. Under the above assumption, the zeta-function of h : F* ^ F* 
is given as 

({t) = (l-t'^p)-xiF*)/dp_ 

The zeta function of the global fibration / : C" \ /^^(O) C* can be 
obtained by patching the data for each torus stratum. 

Let us do this for curves (n = 2). Let /(z) be a non-degenerate polar 
weighted homogeneous polynomial of type {pi,p2; dp). The signs of pi,P2 
are chosen so that dp > 0. Suppose that the two edge vertices of r(/) are 
simple. Assume that the two end monomials are 

^Ml rr^^l ^/^2 -U2 M'i -l^'l ^2 :r'^2 

Z\ ^1 ^2 "^2 ' ^1 ^1 ^2 ^2 

with ^1 + z^i < /x'^ + v'y and /i2 + ^^2 > + ^2- 

Assume that [x\ = v\ = ^ and ^2 = ^2 ~ ^ i-^-> fi'^^^) is convenient. 
In this case the two monomials reduces to Z2^~'^^|z2p'^^, z^^ '^^l^ip'^i. Let 
F = /-^l) C C^, = F n {z2 = 0} and F^^ = F n {zi = 0}. Note that 

F,, = {(zuO) I z';'^'"'^ = 1}, F,, = {(0,Z2) I zl^'-"' = 1}. 
The monodromy map is defined by 

27ri 

h : F F, {zi,Z2) ^ {ziUJ^^,Z2u;^'^), u; = exp(— — ) 

dp 

Note that — = ^2(^2 — ^^2) = c^p- Therefore the fixed points set 

Fix{h^) of h^ is non-empty only for j = \n[ — u[\, \n2 — 1^211 or dp and their 
multiples. Thus using the calculation through expC(t) as in |^12j, we get 

Lemma 56. Let /(z, z) be a polar weighted convenient polynomial as above. 

a' v' 

Let z^^z^, z^z^ be the end monomials and let dp be the polar degree. Then 
the Euler- Poincare characteristic x{F) dnd the zeta function of the mon- 
odromy h : F ^ F are given as 

X{F) = x{F*) + l/i'i - u[\ + |/i2 - i^2\, /i = 1 - X{F) 

(1 _ t'^pyx{F*)/d.p 



(l-tlK-KI)(l-tlM2-i'2|) 
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Remark 57. By a similar consideration, if /(z, z) is a polar weighted poly- 
nomial which is not convenient, the assertion is true under the following 
modification. Put ei = 1 or according to ^'2 + 1^2 = or + ^2 > 0. 
Similarly £2 = 1 or according to fii + ui = or /Ui + z^i > 0. Then 

xiF) = x{F*) + eil^'i - u[\ + e2\fi2 - J^2|, = 1 - x{F) 

(1 _ tdj,yx(F'-')/dj, 



8.1.1. Simplicial polar weighted polynomial. Let f{z,z) = X^JLi '^j ^^■'^'^^ • 
The associated Laurent polynomial g{z) is defined by 

m 

g{z) = Y,c,z^^^-'^K 

Recall that /(z,z) is called simplicial polar weighted homogeneous if m = n 
and the two matrices have a non-zero determinant [17j : 



M 



( fJ-ll ... Uln + Vlr. 



\lMnl + Vnl ■ ■ ■ l-l-nn + l^n 



I ^11 -VW ■■■ IJ-ln - l^ln\ 



N 



where /ij = (/iji, . . . , ^ijn) and Vj = {fji, . . . , i^jn), j = ^, ■ ■ ■ ,n respectively. 
If / is a simplicial polar weighted homogeneous polynomial, we have shown 
that the two fibrations defined by /(z,z) and ^(w): 

/ : C*"\/-i(0) ^C*, g : C*"" \ g-\0) ^ C* 

are equivalent ( |17j ) . Thus the topology of the Milnor fibration is determined 
by the mixed face A where A is the unique face of r(/). In particular, the 
zeta function of h : F* ^ F* is given as C{t) = (1 - t'^p)(-i)"'^/«'p where 
d = I det(A'")| ([IZI). On the other hand, if / is not simplicial, the topology 
is not even a combinatorial invariant of A ( ^6.2.6p . Therefore there does 
not exist any direct connection with the topology of the associated Laurent 
polynomial g{z). However here is a useful lemma. 

Lemma 58. Suppose that /f(z,z), < t < 1 is a family of convenient, non- 
degenerate polar weighted homogeneous polynomials with the same radial 
and the polar weights, and assume that T(ft) is constant. Then the Milnor 
fibration /t : \ ff^{0) C* and its restriction C*" \ /r^O)) ^ C* are 
homotopically equivalent to fo : C"\/(7^(0) ^ C* and fo : C*"\/o"^(0) ^ C* 
respectively. 

Proof. Consider the unit sphere S*^""^ = Sf^~^ . For each I C {1, . . . ,n}, 
\I\ 7^ 0, the intersection (//)~^(0) n S^ is transverse and smooth for any t 
where S^ = {z^ G C'^ | ||z|| = 1}. Thus by the compactness argument, there 
exists a common positive number 6 such that the intersection (//)~^(??)nS'^, 
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is transverse and smooth for any t, < t < 1 and tj with \r]\ < 5. This imphes 
by the Ehresmann fibration theorem ([24J) that the fibrations 

are equivalent for each t, where 

E{{1, 6) = {f^)-HD{6r) n B', = W e I llz^ll < !}• 

Thus we can construct characteristic diffeomorphisms 

he : fr\6) n ^ f~\6eM0i)) n i?'" 

for < < 27r which preserve the stratification H B^ ^ / C {1, . . . , n}. 

Now the assertion follows from Theorem 1371 □ 

Example 59. Consider the family of polar weighted mixed polynomials in 
two variables: 

/f(z, z) = -2zl Zi+ Z2Z2+t zf Z2, t e C 

and let Ct = /t~^(0). The radial and polar weight types are (1,1; 3) and 
(1, 1; 1) respectively. Thus the critical points of : ^ C are the solutions 
of 



-4zi zi + 2t z\ Z2 = —2a zf 

(15) \a\ = 1, 

-2zf Zi+ zlz2+t zf Z2 = 0. 



O 



U2 



Figure 3. Degeneration locus H 



First it is easy to see that for a solution (z, a) of (16), either z = (0, 0) or 
z G C*^ . Secondly the equations are homogeneous in zi, Z2- Thus we may 
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assume that \z2\ = 1. By (fT5]l . we get 2z2 = 2az'l zi. Thus \zi\ = 1. Put 
zi/z2 = exp(0i). Then we can solve as 

o 

t = — exp(— 20i) + 2 ex.p{—6i) , zi = Z2 exp(6' i) , a 



zl + tzl 



Put H := {-exp(-26lz) +2exp(-6'z)|0 < 6* < 27r}. H is the locus where ft is 
degenerate. The complement C\H has two components, C/i, U2 where Ui is 
the bounded region with boundary H. See Figure 3. By further calculation, 
we can see that Ikn(Ct) = 1, x{F) = 1, x{F*) = -1 for t £ Ui and Ikn(Ct) = 
3, x{F) = —1, x{P*) = ~3 for t G U2- (See Appendix for the calculation.) 
The associated Laurent polynomial is gt{z) = —2zi + Z2 + tz'lz2^ which is 
non-degenerate for t 7^ 1, 0. Thus we see that xiG't) = —2 for t ^ 0,1 where 
G*t = g^^{l) n C*2 (see [IB]). This example shows that Theorem 10 of [IT] 
does not hold for non-simplicial polar weighted polynomials. 

8.2. Zeta function of non-degenerate mixed curves. Let /(z, z) be a 
convenient non-degenerate mixed polynomial and let Ai, . . . , be the faces 
of r(/). Let Qj = *(9ji,'?j2) be the weight vector of Aj for j = 1, . . . ,s. 
Assume that each face function f/\. is also polar weighted and the inside 
monomials corresponding to the vertices Mj = Aj D Aj+i, j = 1, . . . , s — 1 
are polar admissible. Let (oi + 26i, 0), (0, 02 + 262) be the vertices of r(/) on 
the coordinate axes which come from the monomials z^^ \ z\ \ '^^^ and z'2' \ Z2 \ "^^^ 
respectively. We call ai, 02 the polar sections of T{f) on the respective 
coordinate axes Z2 = and zi = 0. Let f/\.{z,z) be the face function of 
Aj and assume that {pii,Pi2',fni) is the polar weight type of /aj(z,z). Let 
F* = {z G C*^ I /Ai(z,z) = 1}. Then we have the following. 

Theorem 60. Assume that /(z,z) is a non- degenerate convenient mixed 
polynomial such that its face functions /Aj(z,z), j = l,...,s are polar 
weighted polynomials. Then the Euler-Poincare characteristic of the Mil- 
nor fiber F of f and the zeta function of the monodromy h : F ^ F are 
given as follows. 

s 

x{F) = ^x{Fn + \ai\ + \a2\ 
1=1 

(i_tlail)(i_tla2|) 

where 01,02 are the respective polar sections and nij is the polar degree of 
the face function /Ai(z, z), j = 1, . . . , s as above (mj > 0). 

Remark 61. The assertion is true for non- degenerate mixed polynomials 
with polar weighted face functions in two variables which may not be conve- 
nient. For example, ifT{f) R {z2 = 0} = 0, we eliminate \ai\ and (1 — tl^^l) 
from the formula. 

The proof occupies the rest of the section. For the proof, we use the 
following multiplicative property of the zeta function. Consider an excision 
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pair {A, B} in the Milnor fiber F. We say {A, B} is stable for tlie monodromy 
map h if h{A) C A and h{B) C -B. 

Proposition 62. (Proposition 2.8, [16]) Suppose that F decomposes into 
h stable excision couple A, B so that F = Au B. Put C = Af] B. Then 
let CAit), Csit) cind (cit) be the zeta functions of h : F ^ F and 
h-A ■= h\A ■■ A ^ A, Hb := h\B : B ^ B and he := h\c ■ C ^ C 
respectively. Then 

Ccit) ■ 

8.2.1. Resolution of a polar type and the Milnor fibration. Let us consider an 
admissible toric modification vf : X ^ with respect to the regular fan S* 
with vertices {Pq) Pi^ ■ ■ ■ ■, Pt+i} and we assume that Qj = Pypj = 1, . . . , s 
and = El = *(1,0) and P^+i = E2 = *(0, 1). Then we take the polar 
modification ujp-.VX ^ X along E{Pi), E{P(,). Put ^p-.VX ^ be 
the composite with tt : X ^ C'^. Consider the second Milnor fibration 

fo^p:<^~\Eir,6r)^Di6r 

on the resolution space VX. Take Pj for 1 < j < I. There are two toric 
coordinate charts of X which contain the vertex Pj: 

(Jj-i = Cone(Pj_i, Pj) gives the coordinate chart (Uj_.i, (uj_i,Vj_i)) 

cjj = Cone(Pj, Pj+i) gives the coordinate chart (Uj, (uj, vj)). 

Put M = {Pj,Pj+i)-\Pj^i,Pj). It takes the form: 



M 



7, 1 
-1 



Then the two coordinate systems are connected by the relation 

(16) Uj = uJ_^Vj-i, Vj = uj\. 

Put Pj = ^{cj,dj), j = The inverse image Uj := io~^{Uj) has 

the polar coordinates {rj,9j,Sj,rij) which corresponds to {uj,Vj) with Uj = 
rj ex.p{i9j) and Vj = Sj exp{i7]j). The relation (fT6|) says that 

(17) ^i=v\' Vj = -Oj~i- 

We do not take a normal polar modification along the two non-compact 
divisors uq = and V£ = 0. Thus the coordinates of Uq and Ui are {uq, sq, r/o) 
and {ri,6i,ve) respectively. Recall that the exceptional divisor E{Pj) is 
defined by rj = in Uj and by Sj-i = in Uj-i for I < j < i. Note that 
uo = in Uq corresponds bijectively to the axis zi = in the base space 
and 

(Po, Pi) = , di = l, Zi= UoVq\ Z2 = vo- 

Similarly on U^, V£ = corresponds to 2:2 = and 

zi = ue, Z2 = ufvi, ce = 1. 
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E2 

o 



Figure 4. Regular fan E* 

8.3. Decomposition of the fiber. Recall that 

E{r,S)* = {(2:1,2:2) |0 < 1/(2:1,2:2,^1,^2)1 < S, 11(2:1,2:2)11 < r} 
</.(z) := v^iTpT^, Br = (t>-\Br) 

Fs = {(-21, ^^2) I f{zi,Z2, zi,Z2) = S, (2:1, 2:2) G Br} : Milnor fiber. 

We denote the pull-back of a function h on to VX by h for simplicity. 
On VX, we consider the subsets 

Wj{r, p) = {5 = {rjjj, Sj,r]j) G Uj \ l/p > sj > p} 

Tj-i{p) = {irj-i,0j-i, Sj-i, r/j-i) G Uj-i \ r^-i < p, sj-i < p} 

WTjip) = {{rjjj, Sj, rjj) G Uj \ sj = p, Vj < p} 

TWj{p) = {(rj_i,ej_i,Sj_i,r?j_i) G Uj-i\rj-i = p, Sj_i < p} 

and 

To{p) ■= {{uo,so,m) e Uo I l-uol < P, So < p} 
Wo{r,p) := {(no,so,r/o) G Uo\4>{uo,so,Vo) < r, \uo\ > p, sq > p} 
Te{p) := {{re, Oe, v^) eUi\re<p, \ve\ < p} 
Wi{r, p) := {{re, Oe, v^) G Ue, \re> p, \ve\ > p, 4>{ri, Oe, ve) < r} 
Note that 

^{uo. So, 770) = so^Jl + I'uopso''^"^ = So + o(so) 
0(r^, Oi, ve) = reJT+]v^\7j^ = re + o{re) 



Pi 



(7,_i 



E, 
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{sj = 0} 



Wj{r,p) 
{5,_i = 0}U{r,=0} 



Figure 5. Decomposition of VX 

Here o(so) implies o{so)/so — > when sq — > 0. Put 

e+i e 
Air,p) = [jWj{r,p)u[jT,{p). 
j=o j=o 

Put E{r, 6)* = ^p'^iE{r, S)*) with (5 < r and A{r, p, S)* = A{r, p) n /"^(-DD 

with 5 <^ r, p. It is easy to see that A{r, p, 6)* = E{r, S)* as long as p ^ r and 
S <^ p, r. We see that the choice of p does not give any effect on A{r, p, 5)* , 
as long as 5 <C p <C r. Thus we can use A(r,p,6)* as the total space of 
the Milnor fibration: / : A{r,p,6)* Dg. We decompose A{r,p,6)* into 
monodromy invariant subspaces as follows. 

A{r, p, S)* n Wj{r, p), A{r, p, S)* n Tj{p) 

A{r,p,SynTWj{p), A{r,p,SynWTj{p), j = 0,...,t 

8.3.1. Transversality. Assume that A(P,) = AjnAj+i = {Mt} and that Mt 
comes from the monomial z"" l^ip^" ^^2" \z2\'^^*^- By the definition we can 
write 

f{rj,9j, Sj,T]j) = rf^'^ exp((Q!a cj + at2 dj)9j i) 

X exp((ati Cj+i + at2 dj+i)r]j i) + 0{rf^'^^^). 

Thus it is easy to see that f~^{C), |CI = ^ intersects transversely with WTj{p) 
if 5 is sufficiently small and S <^ r, p. Similarly f~^{^) intersects transversely 
with TWj{p) under the same assumptions. 

Fix such r,6,p. Under the above decomposition of A{r,p,6)*, the Milnor 
fiber Fg := f~^{S) fl B decomposes into the following strata: 

FsnWjir,p), FsHTjip), FsHWTjip), Fg nTWj{p), j = 0, . . . ,t 

By the above transversality, we see that (after choosing a suitable vector 
field to define the characteristic diffeomorphisms) Fg fl Wj (r, p), Fsf] Tj (p) , 
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FsnTWj{p) and FsriWTj{p) are invariant by the monodromy h : Fs ^ Fs. 
Now the proof of Theorem 1601 follows from the following observations. 

(1) The zeta functions of h restricted on Fg n Tj{p) are trivial for 1 < 
j<i-l. 

(2) The zeta functions of h restricted on FsCiWj^r, p) with j ^ ui, . . . ^Ug 
are trivial. _ _ 

(3) The zeta functions of h restricted on Fs n WTj{p) and Fs n TWj{p) 
are trivial. _ _ 

(4) The zeta functions of h on FgH Tq{p) and Fs n T£{p) are respectively 
given by 

1 1 

(1 -tl«2l)' (1 - tkil)' 

(5) (Face contribution) The zeta function of h : Fs H W^^ (p) is 

(1 - where F* = n C*^ and m,- is the polar 

degree of /a^ • 

8.4. Outline of the proof of the assertions (1) to (5). 

(1) Consider Fs D Tj{p). Assume that A{Pj) = At D At+i = {Mj} and 
that Mj comes from the monomial Zi*^\zi\'^^*^ Z2*^\z2\'^^*^ as above. Then 

Fs n Tj (p) = { {rj ,dj,Sj, ijj )\rj,Sj < p, /{rj ,dj,Sj,r]j) = 6}. 

f{rj,6j,Sj,r]j) takes the form 

f{rj,dj,Sj,rjj) = CMt rf^'^sf^''^'^^ exp((ati cj + at2 dj)6j i) 

xex.p{{atiCj+i + at2dj+i)'r]ji) + 0{rj s- ' ) 

{cMt is a non-zero constant) and the homotopy type of this part of the Milnor 
fiber is given by 

{{Oj,rij) G 5^ X S"^ I CMt exp(((atiCj + at2dj)0j + {atiCj+iat2dj+i)r]j)i) = 1} 

which is a finite union of copies of by the following. 

Observation 63. Let a, b be integers with (a, b) ^ (0, 0) and let 

F = {(exp(0i),exp(??i)) G 5^ x 5^ | exp{{ae + b?]) i) = 1}. 

Then F is a disjoint union of copies of and the number of is gcd(a, b). 

The monodromy acts as the permutation of the components and we see 
that the characteristic polynomials on the 0-th homology and the 1-th ho- 
mology is the same. Thus the zeta function is trivial. The assertion (3) can 
be shown in the same way. 

Let us see the assertion (2). By the same argument, 

Fs n Wj{p) = {f{rj,ej, Sj,rij) = 6, 1/p > sj > p} 
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and by throwing away higher terms, we may consider that / is again homo- 
topicahy defined by 

CMt exp {{atiCj + at2dj)9j i + {aticj+i + at2dj+i)r]j i) 

Again we see that the Milnor fiber is fibered over the interval {p < Sj < 
1/p} = [p, l/yo] with fiber being a finite union of S'^'s. Thus the zeta function 
is again trivial. (Recall that rj_i = 1/sj.) 

(4) Let us consider the fibration restricted on Tq(p). The situation is different 
from that of (3). Let Mq = T{f) n {zi = 0} and assume it comes from the 
monomial Z2^\z2\'^^^. The pull back function takes the form: 

/(uo, So, m) = CMo Sq'"^^'" exp(a2r/o i) + 0(so^+^'''+^) 
and throwing away the higher term and putting cmq = ■^oexp(^i), we see 
that Fg n To(p) consists of a2-contractible components: 

Fs n To{p) = {{uo,so,r]o) \ tq 50^"*"^^^ = 6, £, + = modulo 27r}. 

More precisely, 'throwing away' implies the following standard discussion. 
Consider the family of functions 

7r(no,so,r?o) :=CAfosS^+'''exp(a2??oi)+r 0(5^^+2'^+^), 0<r< L 

In the level of the original function /, this corresponds to the family f^- = 
cmo^'^^'^ + T (/(z, z) — CAfpZ^'^o). Consider the strata of the respective Milnor 
fibers restricted in this neighborhood Tq{p) and their union: 

Fs,T = {{uo,so,Vo)\fT{uo,so,riQ) = S, (no,so,%) e To{p)} 

^5 = {{uo,so,r]o,T)\fr{uo,so,rjo) = 6, {uq, so,r]o,T) G To{p) x [0, 1]}. 

Taking 6 sufficiently small, we may assume that Fs^r is smooth and intersects 
transversely with the boundary of To(p) for any < r < 1. Now we apply 
the Ehresmann fibering theorem ([24j) to the projection tx : Tf, ^ [0, 1] and 
we conclude that the Milnor fibers -P^^r, < r < 1 are diffeomorphic to F^i^. 
(We apply this argument to each case (1) to (5).) 

Thus using the Milnor fiber -F^^O) we see that each component is homeo- 
morphic to a disk {uq | |uo| < p}) as the above equation has 02 solutions for 
r/Q. The monodromy is acting cyclically among these components. Thus the 
zeta function of this restriction is 1/(1 — tl"^!^^ 

We see also that n Wo(p) = if <5 < P- 

The other edge T^iyp) gives the term 1/(1 — t''^^'). 

(5) Now we consider the restriction of Wu.{p). Then the principal part 
takes the form 

where ordr-^. fAj{Tj,0j,Sj,rjj) = d{Piy.) and the Milnor fibering restricted on 

this stratum W^^ (p) is determined by the principal part /a^ {rj , 6j , sj ,r]j). 
The last work for us is to determine this contribution. 
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Consider the curve Cj = {/Aj (z, z) = 0} and its polar type resolution by 
the same mapping <I>p : VX C^. By the polar admissibility assumption of 
the inside vertices, the Milnor fibration of the second description exists and 
it is equivalent to the Milnor fibration of the first description by Theorem 
[52I Then combining the assertions (1) to (4) applied for Cj, we see that 
the above contribution is nothing but the zeta function of the monodromy 
of /a^, : C*2 \ f^^{0) C*, which is given by (1 - as we 

have seen in Lemma [55] and Theorem [52j Note that n Wq (p) = and 
Fs n We-^^i{p) = 0. This completes the proof of Theorem [6OI 

8.5. Topology of a polar weighted polynomial and Kouchnirenko 
type formula. We consider a non-degenerate polar weighted mixed polyno- 
mial fAizi,Z2,zi,Z2) with A = AB where A, B are polar admissible simple 
vertices. Let {pi,P2\fn/\) be the polar weight type. Let Fa = /^^(l) be 
the fiber of the global fibration, = Fa n C*^ and let = /^^(O) n S^. 
Note that Fa is diffeomorphic to the fiber of the Milnor fibration /a/ I /a I : 
S^\K^ — > or /a : dE{r, 6)* ^ 5^, as /a is super strongly non-degenerate 
by Theorem 1521 The Milnor fiber is connected by Proposition [38l Let Pi{t) 
be the characteristic polynomial of the monodromy at the i-th homology for 
i = 0, 1. Then Pi{t) = C{t){l - t) as Po{t) = (1 - t). We consider the Wang 
sequence of the Milnor fibration: 

^ H2{S^ - Ka) ^ HiiFAf^'^HiiFA) ^ Hi{S^ - Ka) ^ 7. ^ 0. 

Put = lkn*(/^^(0)). Thus Hq{Ka) = Z'^a+^C^) where e(A) is the num- 
ber of coordinate axes which are a subset of /^HO). Thus e(A) = 0,1,2 
according to the two vertices A, B are either on the axis or not. Let /xa and 
//^ be the multiplicities of the factor {t — 1) in Pi{t) and C,{t) respectively. 
Then by the equality Pi{t) = C(*)(l ~ t) aiid Lemma [561 and Remark [57l 

PA = Pa + 1, A = -xiFD/^A - 2 + e(A). 
On the other hand by the Alexander duality, we have the isomorphism: 

H2{S^ - Ka) = H\S'\Ka) = H\Ka). 
As the monodromy map is periodic, we have 

+ e(A) - 1 = dim Ker{/i, - id : Hi{Fa) ^ Hi{Fa)} = Pa- 
Thus we obtain 

Lemma 64. The Euler-Poincare characteristic and the link component num- 
ber satisfy the following equality: 

^A = -x(-Pa)Ma- 

Usually it is easier to compute and we can compute x{Pa) Lemma 
[64l Now we can state our Kouchnirenko type formula: 
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Theorem 65. Let /(z,z) be a non- degenerate convenient mixed polynomial 
as in Theorem \ 6(A Let Ai,...,As be faces of T{f) and we assume that 
/a^(z,z) is a polar weighted homogeneous polynomial with polar degree nij. 
Let rj = lkn*(/^^(0)) for j = 1, . . . ,s. Then the Milnor number fJ.{F) = 
bi {F) is given by the formula: 

s 

fj.{F) = '^rjmj - \ai\ - \a2\ + 1. 
i=i 

Here mj is the polar degree of f/\. and we assume that nij > 0. oi, 02 are 
the polar sections ofT(f) on the respective coordinate axes. 

As a special case, the following is a formula for a good polar weighted 
mixed polynomial (see §6.2.31 for the definition) which corresponds to the 
Orlik-Milnor formula [13] for a weighted homogeneous isolated singularity. 

Corollary 66. Assume that /(z,z) is a good polar weighted polynomial 
which is factored as 

(18) /(z,z) = cn-=i(4N2p'^'-A,-zi''|zi|2^'), C^O 

with a 7^ 0, 6 7^ 0. Let r = gcd(|a|, |6|). The polar weight is given by 
P = ^{pi£i,P2£2) where pi = \a\/r, p2 = \b\/r, ei = b/\b\,e2 = a/\a\ and the 
polar degree dp is given as dp = \a\ \b\ k/r, lkn(/^-'^(0)) = rk and 

H = \a\ \b\ k'^ -k (|a| + |6|) + 1 = (A; \a\ - 1) {k \b\ - 1) and 

(l_t|a|)(l_t|fe|)- 

8.6. Appendix: Calculation of Example 8.1.2. We give the detail of 
the calculation for Example 8.1.2. Let 

ft{z, z) = -2zjzi + zp2 + t zjz2, t eC 
y;:={(zi,Z2)Ge2|/,(z,z)=0} 
F;:={(zi,Z2)Ge2|/,(z,z) = l}. 

and we compute link components. As ft is radially weighted, we may assume 
that \z2\ = 1. Thus we compute the section with \z2\ = 1. We put 

zi = xi+ yi i, Z2 = X2 + y2 i, X2 = cos(a), y2 = sm{0), 
Then ft{z, z) = can be rewritten as /i = /2 = where 

/i = —2 xi^ — 2xi yi^ + (cos(a))'^ + cos(a)(sin(a))^ + txi^ cos(a) 

+ 2txi yi sin(a) — tyi^ cos(a) 
/2 = —2 Xi'^yi — 2 yi^ + (cos(a))^ sin(a) + (sin(a))^ — txi'^ sin(a) 

+ 2 txi yi cos(a) + tyi'^ sin(a) 
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The resultant R of /i and /2 in yi takes the form R = gig2 where 
gi = 2xi^ — (cos(a))'^ — tei^cos(a) 

g2 = t'^xi' - t^(sin(a))^ - 2 cos(a)xi + {cos{a)f + (sin(a))^ 

Ui: Assume that t = 0. Then 52 = 1- The equation 51 = 0, /i = /2 = has 
a unique solution 

^ Xl = i22/3cos(a) 

Vl = \ 22/3 

sin(a) < a < 2tt. 

X2 = cos(a), 1/2 = sin(a), 



This can be also observed by pO] . 

U2: Consider the case t = 3 as a model of Vt, t £ U3. First, gi, 52 takes the 
following form. 

gi = 2 xi^ — (cos(a))^ — 3 xj ^ cos(a) 

g2 = 81 xi^ — 26 (sin(a))2 — 18 cos(a)xi + (cos(a))2 

Over gi = 0, we have one component parametrized as 



^i = (7tV3 + 2V2 + - 3. + -) cos(a) 

2 2 ^3 + 2^ 2 

sin(a) 

yi = - 



(3 + 2 ^/2)2/3 - (3 + 2 ^2)^/3^2 - \/3 + 2V2 + \/3 + 2 ^2^2 
< a < 27r. 

Over ^(2 = 0, we have two components parametrized as 

1 1 

Xl = - cos(a) lb - \/26sin(a) 

2/1 = ^ (\/26sin(a) ± 26 cos(a))\/26, < a < 27r. 

Thus we have shown that Ikn(Vo) = 1 and lkn(V3) = 3. 

It is my pleasure to thank to the referee for the careful checking of the first 
draft and a nice suggestion to make our paper more understandable. 
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